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INTRODUCTION.

HE arts and fciences have become fo extenfive,
that to facilitate their acquirement is of as
much importance as to extend their boundaries.

Illuitration, if it does not fhoerten the time of
ftudy, will at leaft make it more agreeable. Tuis Work
has a greater aim than mere illuftration; we do not intro-
duce colours for the purpofe of entertainment, or to amule
by certain combinations of tint and form, but to affift the
mind in its refearches after truth, to increafe the facilities
of inftruction, and to diffufe permanent knowledge. If we
wanted authorities to prove the importance and ufefulnefs
of geometry, we might quote every philofopher fince the
days of Plato. Among the Greeks, in ancient, as in the
fchool of Peftalozzi and others in recent times, geometry
was adopted as the beft gymnaftic of the mind. In faé,
Euclid’s Elements have become, by common confent, the
bafis of mathematical fcience all over the civilized globe.
But this will not appear extraordinary, if we confider that
this fublime {cience is not only better calculated than any
other to call forth the {pirit of inquiry, to elevate the mind,
and to {trengthen the reafoning faculties, but alfo it forms
the beft introduétion to moft of the ufeful and important
vocations of human life. Arithmetic, land-furveying, men-
furation, engineering, navigation, mechanics, hydroftatics,
pneumatics, optics, phyfical aftronomy, &c. are all depen-
dent on the propofitions of geometry.
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Much however depends on the firft communication of
any fcience to a learner, though the beit and moft eafy
methods are feldom adopted.  Propofitions are placed be-
fore a ftudent, who though having a fufficient underftand-
ing, 1s told juft as much about them on entering at the
very threfhold of the fcience, as gives him a prepofleflion
moft unfavourable to his future ftudy of this delightful
fubjeét ; or * the formalities and paraphernalia of rigour are
{o oftentatioufly put forward, as almoft to hide the reality.
Endlefs and perplexing repetitions, which do not confer
greater exactitude on the reafoning, render the demonfitra-
tions involved and obfcure, and conceal from the view of
the {tudent the confecution of evidence.” Thus an aver-
fion is created in the mind of the pupil, and a fubject fo
calculated to improve the reafoning powers, and give the
habit of clofe thinking, is degraded by a dry and rigid
courfe of inftruétion into an uninterefting exercife of the
memory. To raife the curiofity, and to awaken the liftlefs
and dormant powers of younger minds f{hould be the aim
of every teacher; but where examples of excellence are
wanting, the attempts to attain it are but few, while emi-
nence excites attention and produces imitation. The object
of this Work is to introduce a method of teaching geome-
try, which has been much approved of by many {cientific
men in this country, as well as in France and America.
The plan here adopted forcibly appeals to the eye, the moft
fenfitive and the moft comprehenfive of our external organs,
and its pre-eminence to imprint it fubject on the mind is
fupported by the incontrovertible maxim exprefled in the
well known words of Horace :—

Segnius irritant animos demifla per aurem
Dudm quee funt oculis fubjeta fidelibus.

A feebler imprefs through the ear is made,
Than what is by the faithful eye conveyed,
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All language confifts of reprefentative figns, and thofe
figns are the beft which effe their purpofes with the
greateft precifion and difpatch. Such for all common pur-
pofes are the audible figns called words, which are {kill
confidered as audible, whether addreffed immediately to the
ear, or through the medium of letters to the eye. Geo-
metrical diagrams are not figns, but the materials of geo-
metrical fcience, the objeét of which is to thow the relatjve
quantities of their parts by a procefs of reafoning called
Demonttration. This reafoning has been generally carried
on by words, letters, and black or uncoloured diagrams ;
but as the ufe of coloured fymbols, figns, and diagrams in
the linear arts and feiences, renders the procefs of reafon-
ing more precife, and the attainment more expeditious, they
have been in this inftance accordingly adopted.

Such is the expedition of this enticing mode of commu-
nicating knowledge, that the Elements of Euclid can be
acquired in lefs than one third the time ufually employed,
and the retention by the memory is much more permanent:
thefe facts have been afcertained by numerous experiments
made by the inventor, and feveral others who have adopted
his plans. The particulars of which are few and obvious ;
the letters annexed to points, lines, or other parts of a dia-
gram are in fac but arbitrary names, and reprefent them in
the demonftration ; inftead of thefe, the parts being differ-
ently coloured, are made B
to name themfelves, for
their forms in correfpond-
ing colours represent them
in the demonftration.

In order to give a bet-
ter idea of this fyftem,and A
of the advantages gained by its adoption, let us take a right

c
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angled triangle, and exprefs fome of its properties both by
colours and the method generally employed.

Some of the propertics of the right angled triangle ABC,
expreffed by the method generally employed.

1. The angle BAC, together with the angles BCA and
ABC are equal to two right angles, or twice the angle ABC.

2. The angle CAB added to the angle ACB will be equal
to the angle ABC.

3. The angle ABC is greater than either of the angles
BAC or BCA.

4. The angle BCA or the angle CAB is lefs than the
angle ABC.

5. If from the angle ABC, there be taken the angle
BAC, the remainder will be equal to the angle ACB.

6. The fquare of AC is equal to the fum of the {quares
of AB and BC,

The fame prapﬂrﬂlﬂ expreffed by m;"aur.r}:.-g the different parts.

B> e -[-‘ — 2 =CD.

That is, t_hr.: r:d angle added to the ye]]ﬂw angle added to
the blue angle, equal twice the yellow angle, equal two
right angles.

A
2 - -+ —
5 ‘ — '”'«“'a_-:i,.-_h e

Or in words, the red angle added to the blue angle, equal
the yellow angle.

The yellow anglc is greater than either the red or blue
angle.
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Either the red or blue angle is lefs than the yellow angle.

; @l

In other terms, the yellow angle made lefs by the blue angle
equal the red angle,

lfh ~9=_£+—-—'ﬂ-?4

That is, the fquare of the yellow line is equal to the {um
of the fquares of the blue and red lines,

In oral demonftrations we gain with colours this impor-
tant advantage, the eye and the ear can be addrefled at the
fame moment, fo that for teaching geometry, and other
linear arts and fciences, in clafies, the {yftem is the beft ever
propofed, this is apparent from the examples juit given.

Whence it is evident that a reference from the text to
the diagram is more rapid and fure, by giving the forms
and colours of the parts, or by naming the parts and their
colours, than naming the parts and letters on the diagram.
Befides the fuperior fimplicity, this fyftem is likewife con-
ipicuous for concentration, and wheolly excludes the imjuri-
ous though prevalent praltice of allowing the ftudent to
commit the demonftration to memory; until reafon, and fact,
and proof only make imprefflions on the underftanding.

Again, when lecturing on the principles or properties of
figures, if we mention the colour of the part or parts re-
ferred to, as in faying, the red angle, the blue line, or lines,
&c. the part or parts thus named will be immediately feen
by all in the clafs at the fame inftant; not fo if we fay the
angle ABC, the triangle PFQ, the figure EGKt, and {o on;



xii INTRODUCTION.

for the letters muft be traced one by one before the ftudents
arrange in their minds the particular magnitude referred to,
which often occafions confufion and error, as well as lofs of
time. Alfo if the parts which are given as equal, have the
fame colours in any diagram, the mind will not wander
from the object before it; that is, fuch an arrangement pre-
fents an ocular demonftration of the parts to be proved
equal, and the learner retains the data throughout the whole
of the reafoning. But whatever may be the advantages of
the prefent plan, if it be not fubftituted for, it can always
be made a powerful auxiliary to the other methods, for the
purpofe of introduétion, or of a more {peedy reminifcence,
or of more permanent retention by the memory.

The experience of all who have formed fyftems to im-
prefs falts on the underftanding, agree in proving that
coloured reprefentations, as pictures, cuts, diagrams, &c. are
more eafily fixed in the mind than mere fentences un-
marked by any peculiarity. Curious as it may appear,
poets feem to be aware of this fact more than mathema-
ticians; many modern poets allude to this vifible fyftem of
communicating knowledge, one of them has thus exprefled
himf{elf :

Sounds which addrefs the ear are loft and die

In one thort hour, but thefe which ftrike the eye,
Live long upon the mind, the faithful fight
Engraves the knowledge with a beam of light.

This perhaps may be reckoned the only improvement
which plain geometry has received fince the days of Euclid,
and if there were any geometers of note before that time,
Euclid’s fuccefs has quite eclipfed their memory, and even
occafioned all good things of that kind to be afligned to
him; like Afop among the writers of Fables, It may
alio be worthy of remark, as tangible diagrams afford the
only medium through which geometry and other linear
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arts and fciences can be taught to the blind, this vifible fys-
tem is no lefs adapted to the exigencies of the deaf and
dumb.

Care muft be taken to fhow that colour has nothing to
do with the lines, angles, or magnitudes, except merely to
name them. A mathematical line, which is length with-
out breadth, cannot poflefs colour, yet the junction of two
colours on the fame plane gives a good idea of what is
meant by a mathematical line; recollect we are {peaking
familiarly, fuch a junétion is to be underftood and not the
colour, when we fay the black line, the red line or lines, &c.

Colours and coloured diagrams may at firft appear a
clumfy method to convey proper notions of the properties
and parts of mathematical figures and magnitudes, how-
ever they will be found to afford a means more refined and
extenfive than any that has been hitherto propofed.

We fhall here define a point, a line, and a furface, and
demonftrate a propofition in order to thow the truth of this
aflertion,

A point is that which has pofition, but not magnitude ;
or a point is pofition only, abftracted from the confideration
of length, breadth, and thicknefs. Perhaps the follow-
ing defcription is better calculated to explain the nature of
a mathematical point to thofe who have not acquired the
1dea, than the above {pecious definition.

Let three colours meet and cover a
portion of the paper, where they meet
is not blue, nor is it yellow, nor is it
red, as it occupies no portion of the
plane, for if it did, it would belong
to the blue, the red, or the yellow
part; yet it exifts, and has pofition
without magnitude, o that with a little reflection, this junc-
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tion of three colours on a plane, gives a good idea of a
mathematical point.

A line is length without breadth. With the affiftance
of colours, nearly in the fame manner as before, an idea of
a line may be thus given :—

Let two colours meet and cover a portion of the paper;
where they meet is not red, nor is it
blue ; therefore the junétion occu-
pies no portion of the plane, and
therefore it cannot have breadth, but
only length: from which we can
readily form an idea of what is meant by a mathematical
line. For the purpofe of illuftration, one colour differing
from the colour of the paper, or plane upon which it is
drawn, would have been f{ufficient; hence in future, if we
fay the red line, the blue line, or lines, &c. it is the junc-
tions with the plane upon which they are drawn are to be

underftood.

Surface is that which has length and breadth without
thicknefs.

When we confider a folid body
(PQ), we perceive at once that it
has three dimenfions, namely :—
length, breadth, and thicknefs;
fuppofe one part of this folid (PS)
to be red, and the other part (QR)
yellow, and that the colours be
diftin& without commingling, the
blue furface (RS) which feparates
thefe parts, or which is the fame
* thing, that which divides the folid
without lofs of material, muft be
without thicknefs, and only poffefles length and breadth;
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this plainly appears from reafoning, fimilar to that juft em-
ployed in defining, or rather defcribing a point and a line.

The propofition which we have felected to elucidate the
manner in which the principles are applied, is the fifth of
the firft Book.

In an ifofceles triangle ABC, the
internal angles at the bafe ABC,
ACB are equal, and when the fides
AB, AC are produced, the exter-
nal angles at the bafe BCE, CBD

are alfo equal.

make e T cs—

Draw AN ——
< Pre 3.
we have
e — 1nd common *

and ' — ‘ (B. 1. pr. 4.)

Again in 7:"“1“*
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— .
and ’:

and

1
(12

(B. 1. pr. 4).

=
&
|

Q. E. D.

By annexing Letters to the Diagram.

LeT the equal fides AB and AC be produced through the
extremities BC, of the third fide, and in the produced part
BD of either, let any point D be aflumed, and from the
other let AE be cut off equal to AD (B. 1. pr. 7). Let
the points E and D, fo taken in the produced fides, be con-
nected by ftraight lines DC and BE with the alternate ex-
tremities of the third fide of the triangle.

In the triangles DAC and EAB the fides DA and AC
are refpeively equal to EA and AR, and the included
angle A is common to both triangles. Hence (B 1. pr. 4.)
the line DC is equal to BE, the angle ADC to the angle
AEB, and the angle ACD to the angle ABE; if from
the equal lines AD and AE the equal fides AB and AC
be taken, the remainders BD and CE will be equal. Hence
in the triangles BDC and CEB, the fides BD and DC are
refpectively equal to CE and EB, and the angles D and E
included by thofe fides are alfo equal. Hence (B. 1. pr. 4.)



INTRODUCTION., Xvii

the angles DBC and ECB, which are thofe included by
the third fide BC and the productions of the equal fides
AB and AC are equal. Alfo the angles DCB and EBC
are equal if thofe equals be taken from the angles DCA
and EBA before proved equal, the remainders, which are
the angles ABC and ACB oppofite to the equal fides, will
be equal.
Therefore in an ifsfceles triangle, &c.

Q. E. D.

Our object in this place being to introduce the fyftem
rather than to teach any particular fet of propofitions, we
have therefore felected the foregoing out of the regular
courfe. For fchools and other public places of inftruction,
dyed chalks will anfwer to defcribe diagrams, &c. for private
ufe coloured pencils will be found very convenient.

We are happy to find that the Elements of Mathematics
now forms a confiderable part of every found female edu-
cation, therefore we call the attention of thofe interefted
or engaged in the education of ladies to this very attractive
mode of communicating knowledge, and to the fucceeding
work for its future developement.

We fhall for the prefent conclude by obferving, as the
fenfes of fight and hearing can be fo forcibly and inftanta-
neously addreffed alike with one thoufand as with one, #he
million might be taught geometry and other branches of
mathematics with great eafe, this would advance the pur-
pofe of education more than any thing that mighs be named,
for it would teach the people how to think, and not what
to think ; it is in this particular the great error of education
originates.



Euclid.

BOOK 1.
PROPOSITION I. PROBLEM.

b ) . k]
NN @ groen Jfinite

2 "H
?k Y firaight ine (e
. _3{# L !
ol /o defcribe an equila-

. =
Rale

teral triangle.

Defcribe and
(poftulate 3.); draw and = (poft. 1.).
then will E be equilateral.
FOr em— (def. 15.):

ANA w— e (def. 15.),

B — == (axiom. 1.):

and therefore 5 is the equilateral triangle required.
Q. E. D.
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By B OM @ gruen paint | e——,
to draw a flraight line equal
to a given finite firaight
2 Jine ( )

D["a‘l,l.? EEEsE - - {Pﬂ&, ],;I:| df,:ﬂ_"]'jt'llﬁ

If\l (pr. 1.), produce (poit.

2.), defcribe @ (poit. 3.), and

(poft. 2.), then

(poit. 3.); produce

e 15 the line reqmrrd,

For eommeemmp— o (def. 15.),
and — (contt.), .". T e—
(ax. 3.), but (def. 15.) =——— — e

*, w—— drawn from the given point ( =———

is equal the given line e———.

g.E D,



BOOK I. PROP. IIl. PROB. 3

- 1 RD:“'I fi{h" grfﬂl!‘i'?'

! { ---'ﬂ-:I ?,‘r
| rwo grvem flraight

lines, to cut off a part equal ts

the lofi ( —

Draw =——— e cm— (pr. 2.); defcribe

[pﬂ'ﬁ.s .:|:. thEH —— —— —

For

e —. (dfﬂ [51:Il

.‘-”“_1 R

m— (condl.);

— (ﬂx. I4:|~
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=) I 1wo triangles

have two fides
of the one
refpectively
equal to two fides of the
other, ( s {0 e—

ANA — 10— and

the angles and )

contained by thefe equal

Sides alfo equal ; then their bafes or their fides (owm—and

s | gre alfa equal : and the remaining and their remain-
7 g

ing angles oppofite to equal fides are refpeitively equal

( ' — ‘ and ‘ o ‘) and the triangles are

equal in every refpeél.

Let the two triangles be conceived, to be fo placed, that

the vertex of the one of the equal angles, or -

fhall fall upon that of the other, and see——— to coincide
with

. then will colncide With e if:lp-

plied : confequently s———will coincide with s—

or two ftraight lines will enclofe a {fpace, which is impofiible

(ax. 10), therefore ———— — — ’ — '

and ‘ — ‘, and as the triangles A :mdA

coincide, when applied, they are equal in every refpect.
Q.E.D.
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AN any ifsfceles triangle

. ._i & if the equal fides

. 8| be produced, the external
angles at the bafe are equal, and the
internal angles at the bafe are alfo
equal.

Produce — ——— and
—  (poft. 2.),  take
= s (Pr. 3.);

draw

Then in } and

THEOR. 5

/A\ we have,

both, and — EWP i ‘ A
BT e P

"".b“” /111\ we have

b= —

— ]
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N any triangle ( L\_ ) if
7 | tawe angles ( and ‘)

are equal, the fides ((mmmeem

(1] —| ghpofite to them are alfs

r*g-.rm,-’ :

For if the fides be not equal, let one

Of them wesees== be greater than the

other s=———_ and from it cut off

——— T — I‘:]_TII', 3::, [][';3“-

Then in L‘ and z \ o i S —
(contt.) — ‘ (hyp.) and

.. the triangles are equal (pr. 4.) a part equal to the whole,

commeon,

which is abfurd; .°. neither of the lides smm—sees or

== i5 greater than the other, ,*, hence they are

tqua]

Q. E. D.
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the fame fide of it there cannot be two
triangles having their conterminous

“ 7 R

and .
) at both extremuties of

the bafe, equal to each other.

When two triangles ftand on the fame bafe,
and on the fame fide of it, the vertex of the one
thall either fall outfide of the other triangle, or

within it; or, laftly, on one of its fides.

If it be pofiible let the two triangles be con-

[ = e |

tructed {o that ! J.-._, then

draw es=mme== and,

' =W Gr5)

o W aW

- which is abfurd,
but (pr. 5.) ' — ' s

therefore the two triangles cannot have their conterminous
fides equal at both extremities of the bafe.
Q.E.D.

SR — L

——

e
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" two triangles
| have two fides
{ of theone refpec-
trvely equal ts
two fides of the other

e = —

and \

— SV, |
and alfs rh'f'.r' D105 | —
== e, cqual; then the

angles (‘ and ‘

contamned by their equal fides

are alfo equal.

ANG e— he conceived

If the equal bafes
to be placed one upon the other, fo that the triangles fhall
lie at the fame fide of them, and that the equal fides
. AN —, _______ and be con-
terminous, the vertex of the one muft fall on the vertex
of the other: for to fuppofe them not coincident would
contradict the laft propofition.

Therefore the fides e and h-:ing coin-

————— e
Fy

Cidtnt “-rith e —— ﬂ.“.d —

Q. E. D.
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draw . upon which .

defcribe V (pr. 1.),

l:lr“"ﬁ,' T —. -

Htcauﬁ: T e SSE—— I:CUI‘.IﬂI.:']

AN — common to the two triangles

AN — (contt.),

e ‘ = (pr. 8.)

Q.E. D.
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= O bifell a grven finite firaight

[ C——

AEEIEEEENEEEREE RN leﬂruﬁt T 1 [Pr' ]‘::I-

. making ‘ — (pr. 9.},

= eeees by (pr. 4.),

for o (conft.) ‘ S

Angd =——— common to the two triangles.

draw

Then

Therefore the given line is bifected.

Q. E. D.
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a perp:'mz’fmfﬂr.

-

Take any point (sssses ) in the given line,

cut off == e (pr. 1.),
cunﬁru&A (pre 1.)s
draw and it fhall be perpendicular to

the given line.

For s == e (CODIL.)
e == s (CONAY. )

and common to the two triangles.

Therefc-n:‘ . (pr. 8.)

o L e (def 10.).
Q.E. D.
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O draw

i

firaight  line
perpendicular

ol 10 o given
& indefinite  flraight  line
: ( e ) fromagiven

(pint I\, ) without.

With the given point A as centre, at one fide of the

line, and any diftance

the other fide, defcribe v ]

Make — e e (Pr. 10.)
draw . ﬁﬂd —
For (pr. 8.) fince em—— e (conit.)

common to both,

ANG m—— D —— (def. 15.)

i-l ‘ =. ,'.].I'Id

oy e | . (def. 10.).

Q.E.D.

capable of extending to
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WHEN a flraight line
( :J _},."fumﬂ}rg'
upon ansther firaight
8 Jine ( )
makes angles with 1t ; they are
either two right angles or together
equal to two right angles.

If be L 10 cemssesss then,
V=1 \eir
But if be not L to ——,

Araw ee— ] e = (pr. 11.)

+ =D,
-A-V.A
=LV A
V. A
Q. E

. D.
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Jfame point, and at oppofite ﬂ}i":'r

tf, make with it a jr:uﬂf angles

( and ‘} eqtial 1o

fwo rigr"n‘ angles ; thefe ﬁmrgs"".a‘
Ines lie tn one continuous flraight

fine.

For, if pofiible let y ANd NOt =m———

he the cOntinUAIon Of e—

then -+ ‘ ﬁl

but by the hypothefis & = ‘ — ﬂl
‘ ‘ 5 e B which is abfurd (ax. g.).

........ , is not the continuation of , and

the like may bc demonftrated of any other ftraight line

except g is the continuation

Df u_-lﬂl'

Q. E. D.
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(F 2o right lines (s

o gnd ) interfeét ome

| ancther, the vertical an-

gles and ‘, .
and - are equal.
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£ ]
‘-.-‘
."-'-l
.-'
"i‘* ]
e 15 produced, the externgl
l‘ "

’ r.n’fgﬂ* \ A } i
greater than either of the
internal remote angles

PR AR 5
{‘ - M
#
_T'I‘.-'[:_'LJ.:Q —— = - {PL. IE-.:L

Draw co——and produce it until

e and

(contt. pr. 15.), .. ' = ‘ (pr- 4.),
A AYY ¥

In like manner it can be fhown, that if =ee=s=s:

be produced, ‘ o ‘, and therefore
h which is = ‘ ) ‘

Q. E.D.
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3 Lerr INY g :{r}g.r'f,t :‘:'f‘u:'I fri-

ungfs A are fo-

gether lefs than two right angles.

Produce e then will

A.%._

But s ‘ (pr. 16.)
o ‘ + ‘ S CD:-

and in the fame manner i1t may be {hown that any other
two angles of the triangle taken together are lefs than two

right angles.

Q. E. D.

T
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/\

N any triangle Sa—
hl. - {.,f ane J;II{.'.'I:-_‘ P —

grmf.r'r than  another

o the angle op-
pafite to the greater fide is greater
than the angle appofite to the lefs.

1. €. ‘i:

Make = e (pr, 7.}, draw

Then will ‘ - ‘ (pr. 5.);
but ‘ - (pr. 16.)
- ‘ e and much more

is‘E_ g

O.ED
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|F in any triangle A

Ll

()
-‘f..@E|

.;| one angie be greater
than another ‘ the fide

which is oppofite to the greater

angle, is greater than the fide e
appojite the lefs.

If commmmeme be not greater than ee— then muft

— I O ] e—

——— S— T

‘ A(PTJL

which is contrary to the hypothefis.

is NOt lefs than e—: for if it were,

‘ = ‘ (pr. 18.)

which is contrary to the hypothefis:

ofy m— , ‘
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taken together are greater than the

third fide (sem—.

Produce e, and

draw s -

Then becaufe = m=mme == e———— (conit.),

‘ - ‘ (pr. 5.)

O m— e e O —(pr. 1)

Eﬂd-*q. ——+ u—t—-—.—t

L]

Q.E.D



BOOK I. PROP. XXI. THEOR. 21

oY\ E from any point [/ )

e Q| within a triangle )
— firaight lines be J %

drawn to the extremities of one J{:a:: ‘t_
{ e Vs thefe lines muft be toge- -
ther @"I than the other !'Ei:ﬂﬁdrc‘.f,. but ":-
muf contain a greater angle. "1_
.
S EEEEEERAAREEE A B RAE R R AR e

Produce

v —— —I— —— E —— (:f.ll‘. EL'}."'I,,

]

2dd emwe= to each,

— == pmnn [ m— e e (ax. 4.)
In the fame manner it may be thown that
— - + _____ E e e — + L] -'.-.

SRR T I

which was to be proved.

Again ‘ - (pr. 16.),
and alfo . - ‘ (pr. 16.),
‘ — :

& .
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=< | IVEN three right
@AY i S0
| @ A e Jum of any
~ two greater than
the third, to confirud a tri-
angle whofe fides fhall be re-
Speétively equal to the grven

[tnes.

Ll R 8 PR R L L L LI | I § § |
LLL B L 0 1 1L J Q]

ermmamemn (pr. 3.).

Draw = o enmees
& } (pr. 2.).

With == o] e— s radii,

defcribe and (p@ﬂ_ 3) :

draw and d

then will o be the triangle required.

FGI’ —— - -

»

—— --—---—’ (C{]nﬂi.}

e — et

i

and_ e e " = [ p—

Q. E. D.
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ot QT g given point (o) i a

- g:'wen ﬁrﬂfgﬁr line {—'—-:l:

to make an angle equal fo a

grven redilineal angle ( A Y. At -

Draw ———————— hetween any two p{]ints

pr. 22.).

in the legs of the given angle.

Conftruct

ANl c— —

Then ‘ — ‘ (pr- 8.)

Q. E. D.
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F rwe triangles
g Aave two fides of
| the one refpec-
: tively equal  to
two _fides of the other ( e
o —, | 7 ST TP
10 m———), and if one of

&
the angles é/ x&] contatn-
ed by the equal fides be

I
L .

gﬂ'ﬂff'r' fa‘h‘l‘-l'f f.l'?.!'t" ﬁ'f.-'?.!'f'!‘ {Aj, ffﬁf’ﬁﬂ'f { —— i } 'Eu‘.'l‘i'}-&"': .f:r
oppafite to the greater angle is greater than the fide ( )

which is oppofite to the Jefs angle.

\
Y

Make Z_.:\ L [Pr 23.)

and

Pr3)

drﬂw sEsEmsImEm ﬂ-nd -

lI Il

Becaufe == =essese— (ax. 1. hyp. conit.)

‘ = @ o5

O e (pr19)
bu[ T LT T T T T T e SRR (pr_ 4 }
ity - IR g ROy

Q. E.D.
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two friangles
| have two fides

= { and r‘

) of the f

one r*ﬁeéi‘we{}r equal to two
Sfides ( and ) /

of the other, but their bafes

unequal, the angle fubtended |
by the greater bafe | s——— /
qf the onme, .lmy? be greater ‘.'"
than the angle fubtended by ~ b
the lefs bafe (wemmemsms) of the other,

i o

A 3

&% is not equal to ‘
‘ theD e— e (pr, 4.)

which is contrary to the hypothefis;

15 not lefs than ‘
for |f' | ‘

then se— ) s (pr,o24.],

which is alfo contrary to the hypothefis :

-AcA

Q. E. D.
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Case I.

NG, F two triangles
) 1.;?3 have two angles
iEJ of the ome re-
S ) Spectively equal
to two angles of the other,

and

( =
Case IL ‘ — dj,um&':{ﬂ}i’

of the one equal to a fide of
the other fimilarly placed
with refpell to the equal
angles, the remaining fides
and angles are rg}'}:'ﬁfﬂ:v}
equal to one another.

CASE L

Lot e = and which lie between

the equal angles be equal,

then — —————

For if it be poffible, let one of them e be
greater than the other;

makﬂ s rer——— l'_{l'ﬂ_w R &
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but ‘ = ‘ (hyp.)
and therefore ‘ — ‘: which is abfurd ;

hl:l'll..’t: ]']L'i_th{'r {}f t’h;_- ﬁliL‘S S — ﬂ.ﬂd —— ]

greater than the other; and ., they are equal;

""_"':_*a“dd: d,{w-cﬂ

CASE 1I.
Again, let s— o which lie oppofite

the equal angles ‘ and ‘ If it be pofiible, let

— E _? then Iﬂkf“ —

L]
[ 1| e ——

Then in A and L We have e = c—

e —— ——— Eﬂd

‘ ‘ (pr- 4.)
but ‘ = ‘ (hyp.)
o ‘ - ‘ which is abfurd (pr. 16.).

Confequently, neither of the fides =————=r ——————
greater than the other, hence they muft be equal. It
follows (by pr. 4.) that the triangles are equal in all
refpeéts.

Q. E.D.
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QE o firaight line
| (=) et
4 9 ing fwo other
firaight  lines,
(s @12d ') 313125
with them the alternate

angles (‘ and ‘;
‘ and ‘ ) equal, thefe two firaight lines

are parallel.

If

be not parallel t0 mwewmmmmme they fhall meet

when produced.

If it be poflible, let thofe lines be not parallel, but meet
when produced ; then the external angle ‘ is greater

than ‘ (pr. 16), but they are alfo equal (hyp.), which
is abfurd : in the fame manner it may be thown that they

cannot meet on the other fide; ,*, they are parallel.

Q.E.D.
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| ting two other
- _I.I',?rm:gﬁf lines
and )

IR

(

makes the external equal to
the internal and oppofite
angle, at the fame fide of
the cutting line i"J'.:I'J?J'E'.l_"}',

‘ or J‘ H' makes the two mternal angies
at the fame fide ‘ and ', or ‘ and ‘]

together equal to two right angles, thofe two flraight lines
are parallel,

Firit, Ef‘ ‘ thc:u‘ '{pr. 15.)s
-A-V.__ | ——— (pr.27.
Q.Y
A.N-N.V..

A_-YV

.’ _._Il anssmenesses.  (pr. 27.)

Q.E.D.
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g STRAIGHT Jine
J‘i’ k_-ll Jl'ri'l.l'rfn"f'"' on

el J";J:c‘r i r:.i'.'.r."
......—J, makes the alternate
angles ;"?H:.’f to one another ; and
alfo the external equal to the in-
ternal and oppofite angle on the
Jame fide ; and the two internal
angles on the fame fide together
equal to two right angles.

r“'

For if the alternate angles and be not equal,

Araw se—— making | —— ‘ (pr- 23).

Therefore ees—ssss= || (pr. 27.) and there-
fore two ftraight lines which interfect are parallel to the
fame ftraight line, which is impofiible (ax. 12).

r“

Hence the alternate angles and are not

-
unequal, that is, they are equal: e (pr. 15);
£ ‘ — ‘, the external angle equal to the inter-
nal and oppofite on the fame fide : ' be added to

both, then ‘ +
' I_ar 11):

That is to fay, the two internal angles at the fame fide of

the cutting line are equal to two right angles.
Q. E.D.
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gy TRAIGHT lines ()

| wwhich are parallel to the

3 1 fame ﬁnn:gﬁ! line ( )s

are parallel to one another.

Let

Then, —

Q. E. D.
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miiiiasssiae®

| ROM a grven

| paint ; ‘4

| drawa firaight

line parallel to a given

SPraight [ine (——.

from the point 7 to any point L

Draw
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I{Ir‘:}l _‘Jl_ll-"jrt? { S — :
of a triangle be pro-
i’fr?ff{'r.l'l,, .|'-"I¢.'|:r external

angle ( ) 15 equal

# oo

s the fum of the two internal and

.F'Irnr 'I‘I'-l: I';l'llgl'-l..rll i :IA I,’

and the three mternal angles of
very triangle taken together are
"I,l-’-l'h-l'II I fqog f.’&,lr-":'f n’hl_{.l'ir.:-.

Through the point / draw

(A b
5.9

- —|—‘ — ‘{ax.z‘
A 4

and therefore

+‘+‘=i=ﬂl

(pr- 13.).

Ao

3La)s

Il

Then (pr. 29.),

Q.E. D.
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( ——

:I which _;-f:..!}._r
adfacent extremities of
vo equal and parallel J-‘fr;.r:'ge‘.::
lines {— and esssinanss ), are

themfelves equal and parallel.

ENFAFAREE R FE RN AN RN AN

Draw

the diagonal.

= mreeeeeem (hyp.)

vy = (pr. 29.)

AN e— common to the two triangles ;

b i m' ‘ —

ANd %, — ] = (pr. 27.)

Q. E.D
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35

any parallelogram are equal,

tf.i'i-'{.ir E‘.":'u‘." :’i‘l.f-rigdlr.rfn'r [_l—-}

1
!

| . ' i-lipra 29.)

AN — common to the two triangles.

TR R RN L e i ity

y
L |

‘ :‘ (pr. 26.)

i1l

and

et

are equal in every refpect (pr. 4,), the diagonal divides

the parallelogram into two equal parts.

Q. E. D.
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JARALLELOGRANMS
on the fame bafe, and
betaween !.-"II:’J'r:..'f.h'.:' P.-:.".g.'.-"—

lels, are (in area) equal.

On account of the parallels,

AN —————

a
But, \ —= \ (pr. 8.)
. e \ | minus\ l.
and \ . minus \ .

- A=A

:u.?

Lpr-
i !
(pr- 29.

]

i
H

e

(pr. :

Q. E.D.
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ARALLELO-

GRAMS

and ) en

LY

{ j'.'.lf.L': f'l'u_'n'lll'-l., and hetaween the

fiame J|"'.J'J".:.='.-'¢'.",c, are r'-].lr.r.:.!'_

Draw and me=s=-,

— T — -——n-l—-! l:"l:-l' ,_'l_'lf. -{..l., i'lllld h:I'IP-};

L —
§

, w— = and ||

. = and || wesess=a (pr. 33.)

And therefore is a parallelogram :

— '].‘I'.

Lard

i



=
]
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e e = =

RIANGLES

-
-
o

&R .i"":'r' _.'r.'a'.-':-".l';' Dafe '-.*..

and between the fame paral-

lels are equal.

l and ' are p;l:':tllfh:ugr:lrm

on the fame bafe, and between the fame parallels,

and therefore equal. (pr. 35.)

! ;
i = twice
e (pr- 34
:_ twice J
.e — ‘

Q. E D.
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FRamE
"

RIANGLES }

el Gafes and befween =

EEmmErmE IRl GRS

{ 'E.I.JI.-.:'.‘I-";-" I.ﬁu'-"u':'f:'-l:'."l.l' are |'-?.'{r1'.l'll.

Draw wmmnmn || — 1

DML ” J (pr- 31.).

(pre 341

but ‘ = twice ‘IPF )
and ’ twice ‘

>

(ax. 7.).

Q.E.D.
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e

.i(l_.[_f:"h.]_. triangles
" |
AL |

— -!'lru’.i'f:r A II‘-"I:: £ l."‘illl.:'.i'rll'l .'ll-'| i

f r (i R . 3 0
".__-} anad on e 1||'Ilr|'.n".;'1'|!1_l.-'lnruflt '?f if, are

. pi— I
between the fame parali Is.

[f e, which joins the vertices
of the t]'jnng]uﬁ, be not H —
draw I (pr.31.),

MEEHing mmmmmmn

Draw .

Becaufe = || w— (conit.]

(pr- 37.):

but . (hyp.);

e A \ — ‘, a part equal to the whole,

which is abfurd.
i, H —— and in the fame
manner it can be demonftrated, that no other line except
—_— i ] — s — || —

Q.E.D.
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MIQUAL  trian-
' Sles

2\

on equal bafes, and on the
Sfame fide, are between the
fame parﬂﬂrfr.

If e which joins the vertices of triangles
be not ” — e v+ —
{1[3,‘1,1." e ) II — e . e — {:pr_ 31_}-

MEELNG =mmmemans

Draw s —

Becaufe

—— but S
k — L s @ part equal to the whole,

which 1s abfurd.

: and in the fame manner it

” —— e — {Cﬂnﬁ-}

Sy —

can be demonftrated, that no other line except

R | ” Poate e ” .

Q. E. D.
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AT SRR AT EER R -

" a paral-

a’;‘fﬁg:wﬂ

and a triangle A are upon
the J'Emr:’ J-ry’;' e 1110 BEt0CEN
the fame parallels mmmmma g

» the parallelogram is double
the triangle,

Draw

the diagonal ;
Then \ — A‘ (pr. 37.)

= twice

(pr. 34-)

= twice
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%

equal to a given

- ] | m— e
30 conftrut a -
W Pr:f'ﬂ.!’.l":'ffr Fram -

and hav-

g an angle equal to a given
LI
reciiinear :mg."f

Maoke e == o (pr. 10.)

Draw

= twice ( (pr. 41.)
but ( — (pr. 38.)

Il
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of
the parallelograms which are about

the diagomal of a parallelogram are

equa {.




BOOK I. PROP. XLIV. PROB. 43

O a2 grven
flraight  line
4. | () £ 1=

| ply a parallels-

gram equal to a given tri-

angle ' ), and

having an angle equal to
a gren refliinear angle

(AR ).

et
Make S = with ‘ - fﬁ

(pr- 42.)
and having one of its fides wmmmma conterminons

with and in continuation of e

Produce

ArAW e Prodace it till it MEELs w mme == continued
draw ” ----- — mccting S

produced, and produce eessmssees,

=y ' (pr. 43.)
but f = ' (conit.)

' s and
‘ = ‘ — (pr. "5‘ and conft.)

Q. E. D.

—
—




46 BOOK I. PROP. XLV. PROB.

o8 O confirul a parallelogram equal
te a given reélilinear Sigure

( } ) and having an

angle equal to a given reélilinear angle

D‘["a‘ﬁ' 1[][]. e di."ridl.ﬂg

the re&ilinear figure into triangles.

l Conftruct ' \
' having — ' (pr. 42.)

10 e ApPply o

having ' —- '(pr. 44.)

[ JE——-1.] 1) | ’ — »

ving M = M - 10
- 2

and l ’1sa parallelogram. (Prs 29, 14, 30-)
raving M = M.

Q. E. D.
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IPON @ grven flraight line
F Bl () 10 comfirull a

Draw eee—_] and = e——

(pr.11. and 3.)

Draw ees— || ===, and meet-

ing drawn || ee—,

—u

In

— | ee— cOT{Y.)

= a right angle (conft.)

o ‘ — = a right angle (pr. 29.),

and the remaining fides and angles muit

be equal, (pr. 34.)

15 a Lf-.lu:lrr.:. (def. 27.)

0. E.D.
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o N a  right angled triangle

Aypotentife mm— it cqual to
the fum of the fquares of the fides, (

lJ‘".ru’ "I-

)] e — : and

defcribe fquares, (pr. 46.)

Dr-_l'l'l.' - —— ]I -—— - |,"'.-. 31 )

.]Il.-l.'l L]r.l“-' T and ——

-

To each add L . -— L .

—_— .- AN c— — smsmsma=s

Apgain, becaufe o || =ewwmemen
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- R [ &
and . = ice ‘ :

In the fame manner it may be thown
# — -
that . — :

hence

Q E.D.
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the fquare
qf' one  fide
(e |

« S a fr:'.:mgfe ir

o equal to the fquares of the
o other Fw0 fides (e

. AN — the angle

‘f‘ { :'I J'(H.'f’f ended .!'E'_}' that
o Jfide is a right angle.

dyssamsanssssnsnnsniS e Eanaw

Draw ssssseser | cmmm— 200 == — (prs.11.3. ]

El.ﬂd drﬂ\'ﬁ' - EI.I{-'DJ

confequently ‘ is a right angle.

Q. E. D.
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u:?‘_"?h'ﬁ:’i': Ry ';'."_‘\'_.I‘.'C:-.':'_".*‘:_'f‘_‘i;‘_' S
5 A L L] e ey 04 m o e U
DA C el B DR Bl
PG T ST S S N R
e A l.'-_j:‘:-'ﬁilax':. el j._s:-u 25 '1:3}':*:}*. t:.f'ﬁ:-:
BOOK 1l

DEFINITION I

RECTANGLE or a

right angled parallelo-

gpram 15 {aid to be con-

L=

tained by anv two of its adjacent
| |

Or Conterminouns f]L{L'::.

Thus : the right '.Lr!j::]:_'a{ }‘:l:'é’;“l..':L’Jgrﬂ.[ﬂ - 15 {aid to

be contained h_'r the (ides o— an —e————

or it mav be briefly d-:[l;;[‘.:'tr.t;d 1.‘l:.'

If the 1:1l.1_i-.|.'-'_l;.':'.'. fides are EQUAL; L. €, c— T s—
the! ee——— ¢ —— which is the ::.'-;Pru::!iun
for the rectangle under ——— ANd  —

1s a {quare, and
_ |r e ¢ — ] —
15 equal to

1 & (I —— L
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DEFINITION II.

|Z"~. a  parallelogram,

the ﬁ.guru compoled

§ of one ot the paral-
lelograms about the diagonal,
together with the two comple-

ments, 15 called a Guomon.

Thus . and dre

called Gnomons.
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R e

PROP.I. PROBR. 53

contained :‘-"1; the undivrded lme, and the feveral parts of the

] [ ]
! .-,,"('..'r e

Doy e— ] =

ANd == w—(prs.2. 3. Bl

complete the parallelograms, that is to fay,

ol AR | —
Draw s
R |f i
| - l

(pr. 31. B.1.)
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W a fraight line be divided
INEG Gny W0 Pares eeeey v
...| the fquare of the whole line
el i; cqual to the fum of the
reétangles contained by the whole line and
each of its parts.

i

+ —

Defcribe . (B. 1. pr. 46.)

pgrallc] (D o o [B 1. pr. 31

SIS eSS SN EA NS EEE

Draw
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|F a flraight line be di-

M wvided into any two parts
. | s o the reflangle
bl contained by the whole
Imf —;mﬂ’ cither of its parts, is equal to
the fquare of that part, together with
the reffangle under the parts,

N — | —— =—E+_.F’nr’

—— — i — L —

Defcribe - (pr. 46, B. 1.)
Complete I {pr. 31, B. 1.

Then - . l » but
- e —— e ——— and
- = — l - seanili bl

— — —-n’i"+ — —

I.- L
In a fimilar manner it may be readily thown

[hat ——y — _¥+ — —

Q.E.D
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IF a flraight line be divided

-~
% r-.:k. IE0 ANy (00 PATeS ——

oy
| |
%: the "J'r':;’ﬂf-'-"f’ E,Fﬂf-'":'L' whele line

| is equal to the fquares of the

parts, together with twice the reclangle
contained by the parts.

——m e —

PWICE wm— o —

Defcribe % (pr. 46, B. 1.)

Araw ee—==es (poft, 1.),

and { =l } (pr. 31, B. 1.)

------ & e—— |I O e—

‘ — (pr. 5, B. 1.),
‘ — ‘ (pr. 29, B. 1.)



BOOK II. PROP, IV. THEOR. 57

< by (prs: 6,29, 34. B. 1) ﬂ i @ QUATE = o™

For the fame reafons ﬂ is a fquare == ==’

- — l = — = nr, 43, b, 1.)

TWICE — —

Q. E. D.



= L LR
]
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E a fraight
line be divided

mnto fwo equal
parts and alfo s———

into two unequal parts,

the reflangle contained by

the unequal parts, together @;rﬁ .r.r‘ie' Jquare of the line .i'le.e‘mlu
the points of feétion, is equal to the fquare of half that line

a =
p—— g SN e + — — i L — _—_.I|I

(pr. 46, B. 1.), draw e and

S o | e e

R R |

(pr.3 21,B.1.)
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but . = ==’ (cor. pr. 4. B. 2.)

N
o (3. 2. - = L

+;—"—5:

——J—— (s |

e —

59

Q. E. D.
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part Jm'aa'ir.rc':'ff, together with the
ﬁ.’-{:’!."t’ -;‘if .-’Jr.‘jj“ the line, ts equal
to the fquare of the line made up
of the half,andthe produced part.

L 3

i % F a flraight line be
bifecled e

3 and produced to any

4 : pont 2

i the reflangle contained by the

‘ SLALLLARLALLLLLLE, - whole line fo increafed, and the

Defcribe (pr. 46, B. 1), Araw see—
—_————ww Il - |
and r———- || = (pr. 31, B.1.)
- [I e ey - -

. = - — - (prs. 36, 43, B. 1

.e .- =“-=————m
but.: * {cor. 4, B. 2.)

’ —= ‘-tmnﬂ wx.2)

e — s e

Q. E. D.
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'F a flraight line be divided
INEG ANY 100 PATLS emm———
the fquares of the whole line
and one of the parts are

EEW E S EET N AW A AR R ER S RA R & &

equal to twice the redlangle contained by
the aphole line and that p;-:r'!, rﬁg.-_’r.-'}.:‘r‘
with the fquare of the ather parts.

Defcribe s (pr- 46, 1

Draw e e ee——— L}'\UH’ I }1.

[mrees ]

[........_._ | et J’ Lpr.

L —Iuvr 43, B.

* to both, (cor. 4, B. 2.)

‘. I__—._

(cor. 4, B. 2.)

‘.“-{— +.:2 —_— +

and 11, B. 1.).

+.:.
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N a firaight line be divided
. into any two parts
N the fquare of
\ the fum of the whole line
and any one of its parts, is equal 1o
four times the reilangle contained by
the whole line, and that part together
with the fquare of the other part.

_? =] 4 * ™ —I—. [ :'!_
Produce and make — = o
Conftruct _| (pr- 46, B. 1.);

drﬂw e B P S P L 4 | P
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F a firaight
line be drvided
Vo BT equal

Paris e
and alfs into two unequal
PAES s s e o L
fquares of the wunequal
parts are together double
the fquares of half the line,
and of the part between the points of [eétion.

'—1:+—==2

Miake cm———ane J.. and =/ e Or

D[’ﬂ“ﬁ" - and N —

.
and draw e

— H ————— —II —

A

et
—

(pr. 5, B. 1.) = half a right angle.
(cor. pr. 32, B. 1.)

(pr. 5, B. 1.) = half a right angle.
(cor. pr. 32, B. 1.)

- ‘ e
A-),-A-)

(prs. 5,29, B. 1.).

htnfﬂ —————— — — y TEEARE m _—

&

(pr- 47, B. 1.)

_? T 4' aEEes - o 7 _HI
L — {
'L D — 2 -

%

i — e I 2 — e 2 e,

Q. E.D.
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| a firaight line

.-" | — IE'E‘ bi-

; | fected and pro-
L duced to any point
e , Lhe fquaresof the
whole produced line, and of
s the produced part, are toge-
v ther double of the fquares of
the half line, and of the line
made up of the half and pro-
duced part.

t_l___:......z____!_l_z__-__:.

Make === | and == t0 ==———— or ==,

dmw — and —————ma

and{_ ““““ i B }{pngt,ﬂ.l.];

rryry sy _ __ ___J| I'

draw e 3]{0'
(pr. 5, B. 1.) = half a right angle.
‘ (cor. pr. 32, B. 1.)
(pr. 5, B. L.) = half a right angle
(cor. pr. 32, B. 1.)

-

&
&

= a right angle.
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A-A-) .V g

half a right :lngie {prs_ 5» 32, 29, 34, B. .),
ﬂ.nd —— e mEmEsamEE e T — —

P s * or ————1
— ! — { + L R —
S IR bl
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ATEET IR T T T TN

i Jllurnl' I'"l. & MAnRNer, f"{"u'i'l' I ."r."_' F'-:‘l.?...‘,-'_—'..'.:::
cont IINE { Ay the aphale Iime and :
o i [ L E TEVIGEE Fime & G

of its parts may be equal to ti

Deicribe (pr. 46, B. 1.),
1"4111]'{':_'. —— . mmmmu® |i:[1.|_—_ 10, B. I__.:!1

{I. FAVY eo——

take e = — (pr. 3, B

on defcribe . (pr. 46, B. 1.0

I‘.lerl-h”_'-E - - ;:-P-Uﬁ_ 2,':|.

3 ¥ .
E—— - — . 11 +
— — — A — -

= — — I or

[
"
B

I
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i |N any obtufe angled
,: :; m;*f,i' triangle, the fquare
f.*\::} | of the fide fubtend-

- 2| ing the obtufe angle
r.xn*uf; the fum of the [quares
of the fides containing the ob-
tufe angle, by twice the rec-
tangle contained by either of
thefe fides and the produced parts
of the fame from the obtufe
:J‘Hgff to the perpendicular let
fall on it from the oppofice acute
angie,

_——EE *—l—-_.-—:hj-"

2_ L] ------'

By pr. 4, B. 2.
_-FIIB e ————F + — + D e—— s mEEEE O
add * to both
——t e e ! = ——t (pr. 47, B. 1.)

_— e e—  mEsEE +

-+ * (pr. 47, B. 1.). Therefore,

——._..,:'= 2._____“_.____+__,1 +

= *: hence _"":—H"I' :

I‘_',:rr T o ——— - —

Q. E. D.
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FIRST. SECOND.

ing an acute angle, is
lefc than the fum of the
3 amannank fFuares of the fides con-
taining that angle, by twice the reftangle contamned by either
of thefe fides, and the part of it intercepted between the foot of
the perpendicular let fall on it from the oppofite angle, and the
angular point of the acute angle.

FIRST.

: : — + —_— b}" 2 v —————EEIEEE e a—

SECOND.

BAEEE : m— + _—zb}r D o —  EE———

Firlt, fuppofe the perpendicular to fall within the
triangle, then (pr. 7, B. 2.)
S e il
add to each =’ then,
nes? et b e ? S 2 ¢ e o
+ i + RN
.~ (pr- 47, B. 1.)

—I-l--.-t+ _’:2--——-—----.—-—-—!— —'_'-.'!5-
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P e e—"—, B R L

Next fuppofe the perpendicular to fall without the
triangle, then (pr. 7, B. 2.)
_-.----t + _i —_— D e— 0 — + IIII.--_I,

add to each = * then
S + e — T e e————— e S—
g evem® 4 =—* . (pr.47,B. 1),
| — I 2 b — — e —

= '.': _'-"+_1'b:|r D —— —

Q. E. D.
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W) draw a right line of

| which the fguare fhall be
| cqual to a given refli-
linear figure.

To draty e—fuch that,

produce ws e until ssss

t”l.l{ﬂ G SeE s T

{pr 10, B 1 },

Deferibe l \ (pott. 3.},

and produce to meet it: draw ——————
g

2

— O  — —— EEEEEE S — + [—
(pr. 5, B. 2.),
bt w— e —— -[- —— [:Pl' 47 B. I-);

o'y mmmmmmt + R — S e A + R

s 4 EEEm— SHEEEE f seawee—— ﬂﬂd
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BOOK III.

DEFINITIONS.
L.
QUAL circles are thofe whofe diameters are

cqunL

1L
A right line is said to touch a circle
when it meets the circle, and being

produced does not cut it.

III.

Circlesare faid to touch one an-

other which meet but do not cut
one another,

IV.

Right lines are faid to be equally
diftant from the centre of a circle
when the perpendiculars drawn to

them from the centre are tqllﬂl-
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v-r

And the ftraight line on which the greater perpendi-
cular falls is faid to be farther from the centre.

A fegment of a circle is the figure contained
by a ftraight line and the part of the circum-

ference it cuts off,

VII.

An angle in a fegment is the angle con-

tained by two ftraight lines drawn from any
point in the circumference of the fegment

to the extremities of the ftraight line which
15 the bafe of the fegment.

.
LLLLLLT S

‘.. “‘. VII]-
: t  Anangle is faid to ftand on the part of
: § the circumference, or the arch, intercepted
% .

o between the right lines that contain the angle.

IX.

A fe@or of a circle is the figure contained

by two radii and the arch between them.
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X,

Similar fegments of circles
ofe which contain

are th
equ al angles.

L\

Circles which have the fame centre are

called concentric circles.
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Draw within the circle any ftraight

ling ——mssnee, Make s——— “wamaes,

Araw c— ] ———
bifect s and the point of
bifection is the centre.

For, if it be poflible, let any other

- .

point as the point of concourfe of :

and wsmssms=ss he the centre.
‘.-‘..llli‘“

Becauie in and % ¢

— T - — {_]}}"P. ﬂﬂd B- | dL'.f.. Ii.:l

= wmmme [(conft.) and =sesssesee common,

' — v (B. 1, pr. 8.), and are therefore right
angles ; butv — ﬁ (conit.) ‘ _ v (ax.11.)

which is abfurd; therefore the affumed point is not the
centre of the circle; and in the fame manner it can be
proved that no other point Which 15 NOt O —— s
the centre, therefore the centre is in e, and
therefore the POINt WHEre e is hifeéted is the
centre.

Q. E. D.




BOOK III. PROP. II. THEOR.

-
f A

| STRAIGHT /itte [ o )

joining two paints in the

circumference of a circle

Find the centre of O (B.3.pr.1.);

from the centre draw wessssssss t0 ANY POINE 1N ———
meeting the circumference from the centre ;

draw AN —

Then " o \ (B. 1. pr. 5.)
but C YW o C \ (B. 1. pr. 16.)

ey - E —— {H I. pr. I'«'}}

hllt . . - C T T e

D et L L [: e

S — ] ————

+'s EVETY POINE IN e lies within the circle.

Q. E. D.
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|

mwg ' a flraight line | ee—
8N drawn through the centre of a

circle O bifectsachord

( mmmmren=) which does not pafs through
the centre, it 1s P.&'rp.:‘mffnff::r to it; or,
if perpendicular to it, it bifeéts it.

Draw ———— gl e to the centre of the circle.

=

= ————— | ——— common, and

—— T EmEEE R -'. ‘ — EB. 1, P']: Hr:l

and [0, =— ] ..... = (B. 1. def. 7.}
Again let L i

Then in and |\

P . (B. 1. pr. 5.)

‘ — L (hyp.)

ANd  s——

e — T eememes - (B. 1. pr. 26.)
and %, e Dol —————,

Q. E. D
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@F inacircle two fAraight lines
' cut one ansther, which da
; 1 not both pafs through the
| centre, they do nat bifedt one

ansther.

If one of the lines pafs through the
centre, it is evident that it cannot be
bifected by the other, which does not

pafs through the centre.

But if neither of the lines or

pafs through the centre, draw ===es== -

from the centre to their interfection,

If —— — bf: biﬁ:ﬂEd, - - J_ o it I:Bq 3 prq 3-}

3.

s . — D and if
hi.i.tﬂ‘.:d, - - J_
and .-, . — '; a part

equal to the whole, which is abfurd :

he

(B. 3. pr. 3.)

do not bife¢t one another.
O LY,
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IF two circles

| [nterfell, they have not the

Jame centre.

Suppole it poflible that two interfe@ing circles have a
common centre ; from fuch fuppofed centre draw
to the mterfe€ting  point, and e—————— meenng

the circumferences of the circles.

Then = = (B. 1. def. 135.)
and e eee— {H. 1. def. Ij-}

e o a part

?

equal to the whole, which is abfurd :

«" circles fuppofed to interfect in any point cannot

have the fame centre,

Q. E. D.
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'F frwo ciredes fouch

ene ansther internally, they

have mot the fame centre.

For, if it be poflible, let both circles have the fame

centre ; from fuch a fuppofed centre draw emmes

cutting both circles, and = - to the point of contaét.
Then s = anmem- (B. 1. def. 15.)
and =~ I= emissm— (B, 1, def. 15.)

W - = mssrs — apﬂr[

 J

equal to the whole, which is abfurd ;
therefare +ha Bk .
herefore the affumed point is not the centre of both cir-

1
cles - : . .
+ and in the fame manner it can be demonftrated that

no other point is.

Q- E. D.
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FIGURE L.

i F from any point within a circle

Semdd| cohich ir mot the centre, lines {———

are drawn to the circumference ; the greateft of thofe
lines is that |=menenns) which paffes through the centre,
and the leaft is the remaining part (=== of the
diameter.

Of the others, that (
the line paffing through the centre, is greater than that

(

) aohich is nearer to

FIGURE 1I.

} awhich is more remote.

Fig. 2. The two lines ((===r"* 071 s |
which make equal angles with that paffing through the
centre, on oppaofite fides of 1t are equal to each other ; and
there cannst be drawn a third line equal to them, from
the J'r;‘w.i'.i'.:’ P&f'.it.f fo the crrcumference.

FIGURE L.
To the centre of the circle draw = mee== and ======3
then =essssme == wieieeeess (Bl 1. defl 15.)
sermmmm—— I m— e e eeee L (B.1. pr. 20.)

in like manner wesmem—may be thewn to be greater than

e 0T any other line drawn from the fame point
to the circumference.  Again, by (B. 1. pr. 20.)
+ —-—E: = I . ) +.——-—|

take wmm———from both: ,*, =——— e (aX.),

and in like manner it may be fhewn that —em— is lels
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than any other line drawn from the fame point to the cir-

and V :

EI.]I:“:,]. IEeEEw = - .

cumference. Again, in

— COMMON, ‘ L

|

(B. 1. pr. 24.) and ee——

."'. P m— E
may in like manner be proved greater than any other line
drawn from the fame point to the circumference more

FEMOLE rOM e— -,

FIGURE IL

[f ‘ —— . g th'ﬂﬂ — _"-""".J jfﬂDt

takf é —_—  EE— draw -_n-.-_n-rl--! t]'“_'_n

— COITITION

‘_.:‘“}and —  ee—

‘ el L Ll itamar [B I. PI’ q'_:J

L]
g WESEEE . L E R ] _-

A part equal to the whole, which is abfurd :
. e ——— e sasa} and no other line is equal to
= drawn from the fame point to the circumfer-
ehce; for if it were nearer to the one pafling through the

entre it would be greater, and if it were more remote it
would be Jefs,
Q. E. D.

Al

81
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The original text of this propofition is here divided ing
three parts.

b B E from a pomnt without a circle, firaizht

[_— e

fines

} are drawn to the cir-

——— E\-.,:(_'_
P | i
cumference ; of thofe falling upon the concave circum-
ference the greatefl is that (eeesmewss) wwhich pajfes
ﬂ'."rn'.-"'ﬁﬂgﬁ f.-':'r. CEnLre, i:i".?f.'.'.!r |!'.I'|lfl:" .t?!}ﬂ’ {—-I-—r) f,:,'-ﬁfg',-"; ;'r
nearer the gre':lh_',ff i greater than that (——}

awohich 1x more remote.

]}1’;11,!,,’ mammaREEE . a]']_rl_{ mpnenimses [0} E!]:_‘_ centre.

Then, ====se=s which paffes through the centre, is
gl—u-:]_r_eﬂ'_; f-[_'jr ﬁ‘]'“:‘c s _—— S SEEsEes= - |F —

be added to both, m———sase == c———— L ccen]

but [

than any other line drawn from the fame puint to the

pB 0 pte 2o memm 15 greater

concave circumference.

;"ag-.ﬁn 1n

[ —— — ewm e ,
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A e— common, but - .

v

(B. 1. pr. 24.);

l.l- ———— :

and in like manner === may be thewn [ thanany

other line more remote from  e————rens,

o

LI Iy

T

Of thofe lines falling on the convex circumference the ,‘-‘;;"E
leaft is that (mmemmesse) which being produced wonld ‘_-';' I
pafs through the centre, and the line which is nearer to -

the leaft is é’rﬁ than that which s more remste.

For, fince == = sescine [ emmmmmses (B, 1. pr.20.)

o e [ meswe. {E‘II. 5:]-

And again, fince == o seesese [
———— o} simeees (B.1.pr.21.),

ﬂnd——-:_....._

-
". L I T : -----._ .."'ﬁl.nd ﬂ] (]F Ut]l-l:l's.

I11.

Alfs the lines making equal angles with that which
paffes through the centre are equal, whether falling on
the comcave or convex circumference ; and ns third line
can be drawn equal to them from the fame paint to the

Ca"h:.'.r.h"y‘brf;,ln' :
— L ]
——— ’

mﬂkc L L LT TR : - ’ -"_lnd dra\;‘.' W ——

FQT lf . r— E -Ilhh., but Inﬂki]"lg . J

_— e
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“Pc Ilﬂ.vc LR T 0 RO B i '= L L.
L]

Then in } and

AN] —— common, and alfo k —a

i (B. 1. pr. 4.);

but e i ™

wmasmamas == sessee==  which is abfurd.

" wtmtiswssm jg Ot IZ =eseresrss=, NOT GO any part

{-_Ilf - — -" - e— ]‘\n.'. l]ﬂt E -----..-n-_|.I

Neither is ssvmmrmens [T ssessse—_ they are

S = to ecach other.

And any other line drawn from the fame point to the
circumference muit lie at the fame fide with one of thef:
lines, and be more or lefs remote than it from the line pafi-

ing through the centre, and cannot therefore be equal to it

Q. E. D.
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=
Ly

g [T pﬁ."ur be taken within a

q circle o from wiich

mare thar twoe equal flraight  lines
)

can be draten to the circumiference, that

T e
point mufl be the centre of the circle.

For, if it be fuppoled that the point !\\

in which more than two equal {trai ght
lines meet 15 not the centre, {fome other
point mm.. muft be; join thefe two points by e——,

and produce it both ways to the circumference.

Then fince more than two equal ftraight lines are drawn
from a point which is not the centre, to the circumference,

two of them at leait muft lie at the fame fide of the diameter

=m0 s and fince from a point /\ « Which is
not the centre, ftraight lines are drawn to the circumference ;
the greateft is mmmms we - » which pafies through the centre :
N0 e whiich is nearer 10— [T e

which is more remote (B. 3. pr. 8.);

Ut e =

(hyp.) which is abiurd.
The fame may be demonftrated of any other point, dif-

ferent f; /\
]"' a M
om S/ | » which mufl be the centre of the circle.

Q. E. D.
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| ; "4 NE el O cannot intferfell ansther

in more points than twa,

For, if it be poflible, let it interfeét in three points ;

trom the centre of draw —

N0 = to the points of interfetion :

L — —
————— —
"W — —

(B. 1. def. 15.),

but as the circles interfed, they have not the fame

centre (B, 3. pr. 5.):

"« the affumed point is not the centre of . and

ol A —— i Q1] — are drawn

from a point not the centre, they are not equal (B. 3.
prs. 7, 8); but it was fhewn before that they were equal,
which is abfurd; the circles therefore do not interfedt in

three points.

Q. E.D.
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i F two circles O and

fouch ome onother

mternally, the right line joining their

centres, being produced, fhall pafs through
a point of contadl.

For, if it be pofiible, let m————
join their centres, and produce it both

ways; from a point of contadt draw

== t0 the centre of O , and from the fame point

foﬁhtﬂ-ﬂ: dl’ﬂ."ﬂ" ssmanmwa=s [} t_]"ilf_‘ cCentre le :

£

4
1,

.
Becanfe in £

q; — + W PR

(B. 1. pr. 2z0.),

and .. = — (. as []1'&'? ﬂrﬂ rﬂdii DF
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DUt  — -|- w— [ — — 3 take

AWQY s Which is common,

AN — T e -
but = e mmm——
becaufe they are radii of O .
and ,*, ==ee=- [ osonns o = a part greater than the

whole, which is abfurd.

The centres are not therefore fo placed, that a line

joining them can pals through any peint but a point of

contact.

Q. E.D.
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.F twe cireles O and
O fouch one ang-

ther externally, the firaight line
e Joining their centres,
paffes through the pont of contadl,

If it be pofiible, let join the centres, and

not pafs through a point of contact; then from a point of

conta®t draw ==sc=ca= and s to the centres.
Becaule ===w== fo w————e —_—
(B. 1. pr. 20.),
and —— o (B. I. d'&f: [5-:],
End i = T — {E. 1 dEf- ISr}j
'y w— + —C « A part greater

than the whale, which is abfurd,

The centres are not therefore o placed, that the line

Joming them can pafs through any point but the point of
contaét,

Q. E. D.
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FIGURE I. FIGURE II.
\ externally or
\ snternally, in more points
{h'mq_ than one.

FIGURE III.
e Fig.1. For, if it be poffible, let

i;'llf K"
q\ v) and O touch one

another nternally in two points;

e
-__I-

draw  cosm— j:}ining their cen-

tres, and produce it until it pafs

through one of the points of conta& (B. 3. pr. 11.);

draw =es———— and L

But ====== = e—— (B, 1. def. 15.);

S U — be added to both,

-

—— T — +
but =emssssss = e———01 (B. 1. def, 15.),

and b —--—-l— _..=_—;1:|I.It

— o} — [ ————— (B.1. pr. 20.),

which is abfurd.
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Fig. 2. But if the points of contact be the extremities
of the right line joining the centres, this {traight line mult
he bifected in two different points for the two centres; be-

caufe it is the diameter of both circles, which is abfurd.

N

T : » .II; ."'-
Fig. 3. Next, if it be poffible, let 1,\ } and O
.

touch externally in two points; draw =eee.:.ee. joining

the centres of the circles, and paffing through one of the

ﬂnd —

points of contact, and draw

— (B. 1. def. 15.);
(B. 1. def. 15.):

ﬂﬂd - =

o — + —— ——----; but

—— + T T—— E —— (B, 1. pf. Zﬂ'.),
which 1s abfurd.

There is therefore no cafe in which two circles can

touch one another in two points.

0 E. D.
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PR QI_JﬂLﬂrm'gfz! fz}zfr[:::' )
Pﬂ?’\ )| inferibed in a circle are 2
‘ | qually diffant fromthe centre ;
Bl and alfs, firaight lines equally

diffant from the centre are equal.

From the centre of draw

- - - _l_ ) ——-se and =smsa=s

L o ey JOIN — ] —

= half === (B. 3. pr. 3.

=] === (B. 3. pr. 3.)

ﬁ.]'l.cﬂ R s RE-e = — W [!]}‘P.J

- & = s — L

'] 2 e %,
— ]

but fince ¢ is a right angle
— = assmemme ? e e * (BL1. pr.o47.)
AN]  — et % for the
fame realon,

'.. -----—1 + _—'1 = “ﬂ-!#trrs + h__'_____'_:
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93
. -"------'-:E —— -lIllllli-I9
Alfo, if the lines . and - rotiae he

equally diftant from the centre; that is to fay, if the per-

pendiculars massssssu= aNd weeseaesew be given equal, then

For, as in the preceding cafe,

ST — ! — 2 + AT

hUt llil'li‘lllll! m—— 'I--l-lII--I"_

—— = 1, aNd the doubles of thefe

mmisanas 200 sm—man are alfo equal.

Q. E. D.
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FIGURE L

Py HE diameter is the greateft Sfraight
| %A line in a circle : and, of all others,

.rillllllilllllli-l-‘.p-

that which is nearefl to the centre js
greater than the more remote.

FIGURE I.

The diameter ————== is [ any line =———

For draw e and =wsssu
Then ssens SLLTE o —
ind = —— TE e—
Wty m— e msssreess T ——

(B. 1. pr. 20.)
s | = .

Again, the line which is nearer the centre is greater

than the one more remote.

Firit, let the given lines be ANd aunsessne,
winch are at the {ame fide of the centre and do

not interfedt ;

,_
.
=
]
&
-
-
i
'
'
»
| |
'
- R ol
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e — nnd T T ERE LN = L rr 7 i Ll ﬂ‘l‘[d HIII--IIJ-,

butk)l___' "

e (B. 1. pr. 24.)

FIGURE II. FIGURE II.

ANG  —

Let the given lines be

which either are at different fides of the centre,

orinterfect ; from the centredraw --ccec=----

] mmemme ] — N —— \ ;_ ’

mﬂ]{ﬂ“ mpEFETOE W : ------ . :lnd

drﬂ"‘; T T L T "L EEErEEES -

Since w21  m——are equally diftant from
the centre, =————— = ———(B. 3. pr. 14.};
but L (Pt. 1. B. 3. pr. 15.),

Q. E. D.
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drawn
from the
extremity of the diame-
181 w— o a circle
perpendicular to it falls
awithout the circle.

And §f any firaight
ff}IE‘ A |'.‘54‘

drawn jfrom a point

within that perpendi-
ctelar 1o the pormt of contadl, it cuts the circle.

FART I

If it be poffible, let

ﬂg:lin, be _'_ —— :;'u‘][l dﬂ]!,l," ——— e

» which meets the circle

Then, becaufe

_.E — ' 8570 VR

and .*, each of these angles is acute. (B. 1. pr. 17.)

Pl
but § = D (hyp.), which is abfurd, therefore

. (AW ] e— does not meet

»

the circle again.
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97
PART IL
Lr:t S — h‘: -IL —— ﬂl:']d ]Et - 13&
e amEEaw
drawn from a point " between s and the

circle, which, if it be pofiible, does not cut the circle.

Becaufe ! — D g

e . is an acute angle ; fuppofe

SR =ss=s=se, drawn from the centre of the
circle, it muft fall at the fide of ' the acute angle.

. I::, which is fuppofed to be a right angle, is [ .,

". e ——— I n—---*.-----;

but snsssssessss == —

[T el [ =essvesmesmms, a part greater than
thie whole, which is abfurd. Therefore the point does
not fail outfide the circle, and therefore the {traight line
*teesmianne cuts the circle.

Q.E. D.

0
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O draw a tangent to a given

circle Jrom a

g;'*.-;;*,r; P;,;r'_r:!, etther i or m:{ff;fe r:jf it

ff Feimleréice.

If the given point be in the cir-

cumference, as at ",,,l . it is plain that
the {traight line s— L esscenmee.

the radius, will be the required tan-

(B. 3. pr. 16.) But if the given pl::ui:nt /I be

L}

gent

outfide of the circumference, draw  seesmecom—

- s " &
from it to the centre, cutting : and
Ariv G eisanans ol iV ecanmnney OEICTIDS
concentric with radills == conmasm—

t]li.'“ ———m— “Iri” E'“.'.' [I'I.L-"' tﬂﬂgt“t t'Equil'El.']-
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* o
5 > *s
For in ... "ulll—::hn. and E*u-u ------
....... — —  SErEE— A cominon,
El.nd ----------- —_— =msmssms,
S (B. 1. pr. 4.) — = a right angle,

o —— iﬂ a tﬂ.ﬂgl‘:]’lt to

Q. E. D.



ico  BOOK IIl. PROP. XVII. THEOR.

a tangent to a circle, the
3| flraight line e dran
hatBdll, from  the centre to the
pam! of contall, is perpendicular to fr.

Faor, if it be pofiible,

lot  — hc‘ -J.- -

j then becaufe 4 D
;" ‘ is acute (B. 1. pr. 17.)

-

ff .“ E e — -
"*m {*‘_ﬁ,f (B. 1. pr. 19.};
- ————— but = —,

and %, — m—asees o 3 part greater than

the whole, which is abfurd.

Yy —ai is not L. weesesesssy and in the fame man-

ner it can be demonftrated, that no other line except

15 perpundicu]nr 0 samstessss 4

Q. E. D.
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IF a firaighit (08 mm——
be a tangent fo a circle,

I.l. by |
M EFa ] )
NS S 2l firaight line 2

L \"'
drawn perpendicular to it

ﬁ&m point of the contall, paffes through
the centre of the circle.

For, if it be poffible, let the centre
and draw

be without

.
wiesesssa from the fuppuﬁ:d centre

to the point of contact.

Becaufe «oesrvenssn 1
(B. 3. pr. 18.)

o ‘ — D, a right angle;
o ] = DX owroa . Q= M

a part equal to the whole, which is abfurd.

Therefore the affumed point is not the centre; and In

the fame manner it can be demonitrated, that no other

point without ________ is the centre.

B LY



102 BOOK IIl. PROP. XX. THEOR.

FIGURE 1

FIGURE L

Let the centre of the circle be 0N =————e

a fide of

Becaufe e— s c—

‘{HIPT

But ‘ a 4 ‘ :
or ‘ = twice &1 (B. 1. pr. 32).

FIGURE IL. SIGURE TL

?

Let the centre be within 4 » the angle at the

circumference ; draw s from the angular

point through the centre of the circle :

then ‘ —] ',and —

becaufe of the equality of the fides (B. 1. pr. ).

-y
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Hence A - 4'{' + — twice 4 %

Eut': 4 -+ P,:md

' - + )
’ = twice 4 .

FIGURE III.

Let the centre be without ( and

draw e - the diameter.

Becaufe ' = twice 7' and

! g

': twice W (cafe 1.);
o' = twice (.

FIGURE IIL

Q. E. D.



- |
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FIGURE I.

o e HE  angles ( ‘ . ‘ ) in the fame

| Jfegment of a circle are equal,

FIGURE 1.

Let the fegment be greater than a femicircle, and

to the centre.

. = twice ‘ or twice == ‘

(B. 3. pr. 20.);

8 - d

FIGURE II.
FIGURE II.

Let the fegment be a femicircle, or fefs than a

femicircle, draw ———the diameter, alfo draw
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2 ol HE oppofite angles ‘
and § ' " and

V of any ?ﬂmfr.rﬂ.re'e'.-‘frf ﬁgun' in-

x.u'?;-:'&f.-f m a ctrcle, are f.::gc'h"n'r f'?amf fo

fis) r.l!'g.*ﬁ'.t‘ .:I'Hg.ﬂ'&'.r.

Draw s 0 e—

the diagonals ; and becaufe angles in

the fame fegment are equal ' —— ‘ -
and ' ——— 4;

add h? to both.
‘b i ;’ = ﬂ{’ o ‘!ﬁ | £~

two right angles (B. 1. pr. 32.). In like manner it may

be thown that,

9.9

Q. E. D.

P
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: Sraight  line,
,L and upon the

~ fame fide of i,
two fimilar fegments of cir-
cles cannot be  conflrudded

awhich do not cotncide.

For if it be poffible, let two fimilar fegments

Q and Q be conftruéted ;

draw any right line == cutting both the fegments,

draw and

Becaufe the fegments are fimilar,

‘ = ‘ (B. 3. def. 10.),
but ‘ - ‘ (B. 1. pr. 16.)

which is abfurd : therefore no point in either of
the fegments falls without the other, and
therefore the fegments coincide.

Q. E. D.
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cles upon equal jfiraight
[ines | mm— 11 e |

are each equal to the other.

For, if ‘ be fo applied to - .

that e may fall on

, the extremities of

and

may be on the extremities

/—\ at the fame fide as A;

htﬁufﬁ ——— T ——

. i{t Wholly coincide With —se—
and the fimilar fegments being then upon the fame
ftraight line and at the fame fide of it, muift
alfo coincide (B. 3. pr. 23.), and
are therefore equal.

Q. E. D.
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SEGMENT of a circle
being given, to deferibe the
e circle of which it is the

L" Jegment.

From any point in the legment

Araw —om—— and bifedt

thiem, and from the points of bifection
draw —e——m—— ] c——
and S __1_ ——

where they meet is the centre of the circle.

Becaufe wemee— terminated in the circle is bifected
perpendicularly by s , it pafles through the
centre (B. 3. pr. 1.), likewife s pafles through
the centre, therefore the centre is in the interfection of

thefe perpendiculars.

4. E. D
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RN equal circles O and O .

the arcs N/ N’ on which

fand equal angles, whether at the centre or circum-

ference, are equal.

Firit, let &“ — ‘ at the centre,

d]‘a‘ﬂ? s o orm— End EsssEEEE

Then fince O . O .
‘l_’*ri‘
‘11 ‘*i
: : & s =,
:'-Iﬂd I‘:“-IIIII!IIII:;-I hﬂ‘l""

w @ = @,

e ——— T amsmsse= {:“ | pr. 4..?].

But ‘ — ‘ (B. 3. pr. 20.);

& Q and ‘ ' are fimilar (B. 3. def. 10.);

they are alfo equal (B. 3. pr. 24.)




———
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If therefore the equal fegments be taken from the

equal circles, the remaining fegments will be equal ;

hence wyr = W (x.3.);
and ot N = N

But if the given equal angles be at the circumference,
it is evident that the angles at the centre, being double
of thofe at the circumference, are alfo equal, and there-

fore the arcs on which they ftand are equal.

Q. E. D.
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g R reles
o “‘ equal circles, an

the angles ‘ and A which fland upon equal

arches are equal, whether they be at the centres or at

the circumferences.

For if it be poflible, let one of them

‘ be greater than the other ‘

and make
de N = e (B. 3. pr. 26.) L TPy

but \H — 'h"-"l"" Lh}?]}.}
S N = N 2 part equal

to the whole, which is abfurd ; .*, neither angle
15 greater than the other, and

.*s they are equal.
Q. E. D,
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m :. ——= £ Iy —

& | N\
N equal circles (:\ -/I and

;If' r_?.l,fh_.__. .:"'."_".-.n"rfll' — , WssetImas cut ﬁﬁr -I"?Hi’.?.l'l

archers.

From the centres of the equal circles,

drHW —, — zm-l TS e

’ L L™

and becaufe ; | =
_’ —— - s =mEmssEe
H.ll,'i_-f i t— = --------- {]1". P :'

ﬂ.nd. -u-.t = I::ﬂ."i ‘u‘:l
Q ED
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11g

and

the chords e—— gnd -eeeceees which fub-

tend equal arcs are equal.

If the equal arcs be femicircles the propofition is

evident. But if not,

|CI: ———’ —_’ AT T R —

be drawn to the centres ;

becaufe S’ =— S (hyp.)

and ‘ — (B. 3. pr. 27.);

h"tt — A — —_— - and msmmsuimznm

."‘ ——— o ————— {E.. I pl‘. -I‘-].+}-:
but thefe are the chords fubtending

the equal arcs.

Q.E.D.



BOOK 1V,

DEFINITIONS.

I
RECTILINEAR figure is

SV OVA faid to be sferibed in another,
{7 h%AY] when all the angular points

Gt of the inferibed figure are on
thc fides of the figure in which it is faid
to be infcribed.

I1.

A FIGURE is faid to be deferibed about another figure, when
all the fides of the circumfcribed figure pafs through the
angular points of the other figure.

: II1.
A RECTILINEAR figure is faid to be
mferibed in a circle, when the vertex
of each angle of the figure is in the
circumference of the circle.
IV.

A RECTILINEAR figure is faid to be esr-
cumferibed about 1 circle, when each of
its fides is o tangent to the circle.
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Y.
A CIrRcLE 15 faid to be inferibed in
a retilinear figure, when each fide
of the figure is a tangent to the
circle.

VI.

A cIrcLE is faid to be circum-
Jeribed about a rectilinear figure,
when the circumference pafles
through the wvertex of each
angle of the figure.

1s circumficribed.

VIL

A straiGuT line is faid to be fnferibed in
a circle, when its extremities are in the
circumference.

The Fourth Book of the Elements is devoted to the folution of
provlems, chicfly relating to the infeription and circumfrip-
tion of regular pelygons and cireles.

A regular polygon is one whofe angles and fides are equal.
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equal to a grven flrarght ling (mm—),
not greater than the diameter of the

cirele.

Dfﬂ.“‘r sesiesr e t]‘]c l'Ii:-l[‘.IlI::tﬂl' 'DF ] =

ﬂ_nd i_l:' "W — = _—_! thfn

the problem is folved.

Eut ir - — I_'}ﬂ ﬂﬂt t[]ual ID S ——————— .

stvmm [ e (hyp.);

Make sssscnsasm === (B. 1. pr. 3.) with

-====a= a5 radius,

defcribe O:|I cutting _ | 5 and

e e .y which is the line required.

F':”-. — = - :“ T p— e

(B. 1. def. 15. conil.}

Q. E. D.

12§
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BN a Jiven cirels

! O t5 in-

Jeribe a triangle equiangular
to a given fr;}mgr’f.

To any point of the given circle draw =—— s @ tangent

(B. 3. pr. 17.); and at the point of contaét

make ‘ — ‘ (B. 1. pr. 23.)

and in like manner m— . and

draw

Becaufe ‘ — ' (conit.)
and ‘ — ' (B. 3. pr. 32.)
‘ — ‘; alfo
V — for the fame reafon.
e ' — ' (B. 1. pr. 32.),

and therefore the triangle inferibed in the circle is equi-
angular to the given one,

Q. E. D.
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127

LR BOUT a giuen

circle O to

circumfcride a triangle equi-

angular to a given triangle.

Produce any fide =, of the given triangle both
ways; from the centre of the given circle draw
any radius.

ks

Make — (B. 1. pr. 23.)

and ': ‘-

At the extremities of the three radii, draw  ———

ANd e=e=seea= | tangents to the

given circle, (B. 3. pr. 17.)

The four angles of , taken together, are

¢qual to four right angles. (B. 1. pr. 32.)
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but ‘ and ‘ are right angles (conft.)

. ‘ 4 e m, two rl_gjhl: angles
but ﬂl (B. 1. pr. 13.)

(conft.)

wd -, A = M

In the fame manner it can be demonftrated tha:

AFYAY
o ‘ = 4 (B. 1. pr. 32.)

and therefore the triangle circumfcribed about the given

and

circle is equiangular to the given triangle.

Q. E. D.
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AN a grvem triangre

2 !
- / o irn-

J-’I-ﬂ'.-frf a circle.

Bifedt ' and A

B T Pr gJ b}r ----- T

:H‘I-d L e ;

fromthe point where thefe lines

meet draw m———
11.“[1 mEEnm rufpe&ivel}r PEI‘-
pendicular to —

ST a8/ hu/ e

common, ,*, T T T T (B. I. pr. .1_:1“1.126.}

In like manner, it may be thown alfo
t}]:ll.' !!!!!! ET T T = .

Ll
o — x TrL — (L T TIC I

hence with any one of thefe lines as radius, defcribe
and it will pafs through the extremities of the

Ufhi‘”lm and the fides of the given triangle, being per-
Ptndu.ular to the three radii at their extremities, touch the
circle (B, 3- pr- 16.), which is therefore inferibed in the

given circle,
s Q. E. D.




I30 BOOK IV, PROP.¥V. PROB.

{ BT8O deferibe a circle about a given triangle,

Mike cmm—— o= " and e———
smmsmaes (B. 1. pr. 10.)

From the points of bifection draw . g
mumEEEEEE - J,__ e, ‘EI.H{] FS—— ['Efpl_"f_‘-
tively (B. 1. pr. 11.), and from their point of
concourfe draw ee——— weemeeme 37—
and defcribe a circle with any one of them, and
it will be the circle required.

e — {Cﬂlnﬂl-:l.

——— COIMITION,

' ‘ (conft.),

= sesmmn (B.o1Lopr.ogl).

In like manner it may be thown that
i —
e meamemwm T ee— TS ——— and
therefore a circle deferibed from the concourle of
thefe three lines with any one of them as a radius
will circumfcribe the given triangle.

Q.E.D.
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: "~I r.rg:un circle O 15

: infcribe a fquare.

Draw the two diameters of the
circle L to each other, and draw

and e

3 = 2

1§ a fquarf:.

For, fince and . arc, each of them, in

a femicircle, they are right angles (B. 3. pr. 31),
oy o— ] (B 1. pr. 28):

ﬂ]]L{ 1 ].]LL manner

And becaufe ‘ - conft.), and

HNHAA S N - T T bk {B I: {Lf-. IJ:',I

"y — i e (B 1. pr.o4);

and fince the adjacent fides and a]]g]cﬁ of the p:lr'd]]!:lu-

gram / are equal, they are all equal (B. 1. pr. 14):

and ,*, /> . infcribed in the given circle, is a

Jilu;‘,n;. Q L. D.
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a je}-:mre‘

Draw two diameters of the given
circle perpendicular to each other,
and through their extremities draw

. ’ —— . ﬂnd —
tangents to the circle ;

and I_I 15 a {quare.
s ﬂ a right angle, (B. 3. pr. 18.)

alfo ‘ C] (conit.),

e — ] ceereeee s in the fame manner it can
be d.&‘[]“}ﬂﬂ'l‘ﬂttd Lhil  e— " ----------- 9 and allo
thﬂ.t s :IT]d. ——— [I - ;

is a parallelogram, and

L
o Ml = I = = 4d-h

thL} are all right angles (B. 1. pr. 34):

it 15 alfo evident that -

. ]
AN  —— are ﬂqun].

L

1s a l'quar:.
Q. E. D.
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O inferibe a circle in a l

128 grven fuare.

Make

and o —— : FrEENFIELREFE -

AraAW - sesansn s | ——--

:11']1:] - — [I ______ ——

(B. 1. pr. 31.)

s . is a parallelogram ;

and iNCe mmm——ia.... = -eermm— (hyp.)

—
s jr— - R

"~ . is equilateral (B. 1. pr. 34.)

In like manner, it can be thown that

. — . are equilateral parallelograms ;

.‘. TmmrAE -,
and therefore 1f a cirele be deferibed from the concourfe

of thefe lines with any one of them as radius, it will be

inferibed in the gfw:n I:.]uarq:. [H. 3- pr. lﬁ}

Q. E. D.
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B8 O deferibe a circle about g

8 grven fquare a -

Draw the diagonals e

;]nr,;i — i[\tﬂrl‘ﬂ&iﬂg E:}L‘h
other ; then,

becau e ‘ and have

their fides equal, and the bafe

R — LA COITIITGn t':l hﬂ[h'

- } (B. 1. pr. 8),
or ‘ is bife@ed : in like manner it can be {hown
that l 15 bifedted ;

By = B
hence ‘ ' their halves,

e ; (B. 1. pr. 6.)

::m{ in lhike manner it can be prmcd that

—— T A $—— aaaSliIEEEs 2~ SSEzmmanEs -

If from the confluence of thefe lines with any one of
them as radius, a circle be deferibed, it will circumicribe
the given fquare.

Q. E. D.
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gw O conflruét an if sfceles
R friangle, in which each of
Ml the angles at the bafe fhadl
s Lo double of the wertical

Take any ftraight line ee———.
and divide it fo that

-
— ™
— x T1eL] Pr——— ———

(B. 2. pr. 11.)

With eessmsses a5 radius, deferibe and place

in it from the extremity of the radius, —— r ——

— -
Fy

(B. 4. pr. 1); draw

Then \ is the required trizmgle.
—

R -

For, draw

and defcribe

O about ’ (B. 4. pr. 5.)

qt]'ICE_‘.' —— TR x LT T T T e 3 — —

L]
4

LY, — 150 t:mgn'nt to O [:E* 3« pr. EFJ

o — é (B. 3. pr. 32),
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add ‘ to each,
AN d = Y
hut(+..nr( ‘{H'Pf5=

[1”'.“:!: _— — V= e EEEa {H I I_‘.l:l' :l]l
confequently ‘ ,ﬂ + ( ‘
(B. 1. pr. 32.}

o — O cm—— (B, 1. pr. 6.)
oy ———— T — I e (conil.)

A:({E.I.pr,g}
Ad-4_A- .

= twice ﬁ; and confequently each angle at
the bafe is double of the vertical angle.

Q. E. D.
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[ . .
8 N agiven circle

to inferibe an equilateral and equi-

;r.arguf.rn' pentagon.

Conftruét an ifofceles triangle, in
which each of the angles at the bafe

fhall be double of the angle at the

vertex, and infcribe in the given

circle a triangle equiangular to it; (B. 4. pr. 2.)
Bifect ‘ and A (B. 1. pr. g.)
draw " and ewasss=s,

Becaufe cach of the angles

‘ A ; and (\ are equal,

the arcs upon ~.-.]11f:]1 they {tand are equal, (B. 3. pr. 26.)

EU'Id oy e — = " :inrl-

«ssninman which fubtend thefe arcs are equal (B. 3. pr. 29.)
and ,*, the pentagon is equilateral, it is alfo equiangular,

as each of its angles ftand upen equal arcs. (B. 3. pr. 27).

Q. E. D.
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' O deferibe an equilateral

and :'?ufrmgnf.::r Fﬁm;g-

{ ANEE  gon about a given circle

Draw five tangents through the

vertices of the angles of any regular

pentagon inferibed in the given

circle O (B. 3. pr. 17)-

Thefe five tangents will form the required pentagon.

— (B. 1. pr-47)s

common ;

(P P T TR R ] | - AT

., and
s v — ‘ and (= (B. 1.pr. 8.)
g u — twice ‘ § and ' — tWICC :

In the fame manner it can be demonitrated that

ﬂ = twice A, and b - twice i:
but " — P (B. 3. pr- 27)



BOOK IV. PROP. XII. PROB. 139

.*. their halves | — k, alio ﬂ —_— \, and

mEm=mammEm  COITTION0 ;

J."‘——.‘and—-: e

g RSy J— tt?.'i.:e ——

= »

In the {fame manner it can be demonfirated

rl]:!t — = W — t-"_:..-IL:L-_ e ;

DUl — e —

I i — E——
Xoa rinmee

N

In the fame manner it can be demonftrated that the
other fides are equal, and therefore the pentagon is equi-

lateral, it is alfo equiangular, for

A=A ..\Ad-..A,
and therefore ‘ — ‘3
o ﬂ — \‘; in the fame manner it can be

demonftrated that the other angles of the deferibed

pentagon are equal.

Q. E.D
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B O infiribe a circle in 4
giﬂm equiangular  and
equtlateral pentagon,

1

Let |\ be a given equiangular

e L

and equilateral pentagon; it is re-
quired to inferibe a circle in it

Make ': A., and ‘ ='
(B. 1. pr. g.)

. 9.

[}TH.“' TERTTITT T Eee——, SmssEms= . &L'.

Bﬁcauil: T e . — - L LI} " — ‘ +

ANl — common to the two tri:mgh:s

i == aserssennss and | — A{B.].Pr- 4.)

And becaufe — ‘: twice ‘

. = twice , hence 15 bifected by —————.

In like manner it may be demonftrated that % 15

bifefted by «eseecsueny and that the remaining angle .

the polygon is bilected in a fimilar manner.
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L

Draw e , == 2mn=as o 8CC. perpendicular to the

fides of the pentagon.

-
l“'-II

Then in the two triangles and

we have ' — ‘, (conit.), commaon,
and ' -— ‘ = a right angle;

0, — I =mssmas = I{:H. 1 pr. 26:}

In the fame way it may be thown that the five perpen-

diculars on the fides of the pentagon are equal to one

another.

Deferibe with any one of the perpendicu-
lars as radius, and it will be the infcribed circle required.
For if it does not touch the fides of the pentagon, but cut
them, then a line drawn from the extremity at right angles
to the diameter of a circle will fall within the circle, which

has been fhown to be abfurd. (B. 3. pr. 16.)

Q. E. D.
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Bl O deferibe a circle abour 4
grven equilateral and £qiii-
LBS angular pentagon.

Bifect ' and '

h}- asssnnssmsn AN sSiwssasnne . and
from the point of fection, draw

. ﬂﬂd —

=13 .

. =sraem T o sssm {B_I_Pr‘ }-r

I

r .
# .
and fince in and SR % s
T ———_ — _—-—! ﬂ]]d IR Cﬂ]nn]nn,
alfo — ~

III... —— T mmEmEE [:E I.I.TT. "1']'

In like manner it may be proved that

—

—— e ——
. and

l]]L‘FEFUTC —_— — EANUEEERAE

CER BN LT -
. -

Therefore if a circle be deferibed from the point where
thele five lines meet, with any one of them
as a radius, it will circumicribe
k] ITI. Ly
the given pentagon.

Q. E. D.
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sgeeegm () nfcribe an equilateral and equian-

gular fhexagon in a given circle

s,
r o *'h-‘
I

).

From any point in the circumference of

the given circle defcribe pafling

through its centre, and draw the diameters
—’ (RN ‘ﬂ,nd S —— ; drﬂ_w

memmm————y e g =es=msnss, &c. and the
required hexagon is infcribed in the given

circle.

Since pafles through the centres

of the circles, and ‘:. are equilateral

triangles, hence . ‘ b = one-third of two right
angles; (B. 1. pr. 32) but ‘ Q

PI‘ I

‘ b ‘ — one-third of &

{I:‘-. 1. pr. 32), and the angles vertically oppofite to thefe

are all equal to one another (B. 1. pr. 15), and ftand on
equal arches (B. 3. pr. 26), which are fubtended by equal
chords (B. 3. pr. 29); and fince each of the angles of the
hexagon is double of the angle of an equilateral triangle,
it is alfo equiangular. Q. E.
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| Effdfﬂﬁgm'rdr gm'rra’rmng m

i a given circle,

Lot e znd — D

the fides of an equilateral pentagon

infcribed in the given circle, and

the fide of an inscribed equi-

lateral triangle.

—
—

[l

AN — circumference.

The arc fubtended by } ; { of the whole
L4

=

circumference.

The arc fubtended by } of the whole

——

Their difference = =

" the arc fubtended by ssmssmmass == = difference of

the whaole circumference.

Hence if ftraight lines equal to semssmamses be placed in the
circle (B. 4. pr. 1), an equilateral and equiangular quin-

decagon will be thus infcribed in the circle.

Q. E. D.
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BOOK V.,

DEFINITIONS.

I.

'~ LESS magnitude is faid to be an aliquot part or
' fubmultiple of a greater magnitude, when the
3& lefs meafures the greater; that is, when the
RECAEA| Jefs is contained a certain number of times ex-

altly in the greater.

I1.

A GREATER magnitude is faid to be a multiple of a lefs,
when the greater is meafured by the lefs; that is, when
the greater contains the lefs a certain number of times
exactly.

I11.

Rartio is the relation which one quantity bears to another
of the fame kind, with refpe to magnitude.

IV.

MaGNITUDES are {aid to have a ratio to one another, when
they are of the fame kind; and the one which is not the
greater can be multiplied fo as to exceed the other.

The other definitions will be given throughout the book

where their aid is firf} required,
U
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AXIOMS.

1.
- ]
EiQyIMULTIPLES or equifubmultiples of the

| fame, or of equal magnitudes, are equal.

R

If A = B, then
twice A = twice B, that is,
2 A=28:
3A=1B;
4 A=4B;
&e. &c.
and 1 of A = 3 of B;
lof A= % of B;
dcc. &c.

I1.

A murTipLe of a greater magnitude is greater than the fame
multiple of a lefs.
Let A [ B, then
2 A2 EB;
1AL 3B;
4+ AL 4 B;
&c, &c.

II1.

THAT magnitude, of which a multiple is greater than the
fame multiple of another, is greater than the other.

Let 2z A [ 2 B, then
AT B;

or, let 3 A [T 3 B, then
ALC B;

or, let m A [ m B, then
AL B.
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qE any number of magnitudes be equimultiples of as
_ many others, each of each: what multiple soever
\ i '..:1..-'| any one of the firft is of its part, the fame multiple
8 fhall of the firf} magnitudes taken together be of all
n’ae others taken together.

Let (OO [) be the fame multiple of (],
that PP PPWP isof P.
that QOQQOQQQ isof O.

Then is evident that

Q0000 )

DT L is the fame multiple of J L2
QOO | O
which that QOO0 isof () ;

becaufe there are as many magnitudes

JDOQQQ a

YOPPY =¥
Kelolviole) O

as there are in (OO0 = O.

The fame demonftration holds in any number of mag-
nitudes, which has here been applied to three.

*. If any number of magnitudes, &c.
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F the firft magnitude be the fame multiple of the
;‘,,-1- ,' fecond that the third is of the fourth, and the ﬁﬂ;,
g r&i"‘-":" 1,3 the fame multiple of the fecond that the fixth is of
etionl ¢/ic fourth, then fhall the firfl, together with the
i@ﬁ‘s‘i be the famf multiple of the fecond that the third, together
with the fixth, is of the fourth.

| Co
| &
Eore

Let @ @ @, the firft, be the fame multiple of @,
the fecond, that OO, the third, is of O the fourth:
and let @ @ @ @, the fifth, be the fame multiple of @,

the fecond, that (OO, the fixth, is of ¢, the

fourth.

[ ®0® |
0009 |’

fifth together, is the fame multiple of @, the fecond,

Then it 1s evident, that the firft and

that [ OO0 the third and fixth together, is of
10000} ' ‘

the fame multiple of (7, the fourth; becaufe there are as

[ e0® | _ o
l....}-__.abtharcart

OO0
10000} O-

o*. If the firlt magnitude, &c.

many magnitudes in
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=@\ [ the firfl of four magnitudes be the fame multiple
G of the fecond that the third is of the fourth, and
Wil if any equimultiples whatever of the firft and third
Bt o taken, thofe fhall be equimultiples ; one of the
_j.:*mrm’ and the other of the fourth.

The First. The Second.
{ . 1
I L :
- H B | be the fame multiple of [
|
. I
The Thind. The Fourth.

which {”} is of ’ 5
L X
a1l ‘'m
EEEE : !
take . the fame multiple of < M ;
;IIII| \.
"HHEEE

R 4

which -

3

|
4
*0090.

Then it 15 evident,

- === HI The Second.
! =..- | is the fame multiple of .
HEER

& 4

>0
L 2 2 2
L 4 & 2

that
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g388) ..
which ]”” I ISGF’;
S 2220
-

EEEE |
becaufe < > contains 1 B M | contain
H x|

EEER
as many times as
00001
XXX . contains { . ¢ } contains 4 .
223 g
19224

The fame reafoning is applicable in all cafes.

.. If the firft four, &c.



BOOK ¥. DEFINITION V.

15]

DEFINITION V.

Four magnitudes, @, B » ¢, W, are faid to be propor-
tionals when every equimultiple of the firft and third be

taken,

of the firft @

®0®

a0@e

00000

000000
&ee.

of the fecond

EEHE
s EEE

kg g

ﬁl%l.l
C.

and every equimultiple of the fecond and fourth, as,

of the third “
60
64¢
*000¢
QQ&QQ”

of the fourth WP

vV

YoV

LA A4 44

LA A 4l 4
&c.

Then taking every pair of equimultiples of the firft and
third, and every pair of equimultiples of the fecond and

fourth,

90
99 C
If - @@ =
K =
K J

{

o
Pt

¥

AR

then will

i

PP PP
L 2 2 2 2 2N
Hwuuin

Il

Uy

uudul HEEE

L
]
F

-
(i
|

o2
=

=]
=

=
—
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That is, if twice the firft be greater, equal, or lefs than
twice the fecond, twice the third will be greater, equal, or
lefs than twice the fourth; or, if twice the firft be greater,
equal, or lefs than three times the fecond, twice the third
will be greater, equal, or lefs than three times the fourth,
and so on, as above exprefled.

— B e | fal

-t HES

—— 7y A TR

— ] i | BEEEE

=o ] WHEEED
&ce.

T I
ooy

'
vy
L 4
&cc.

[n other terms, if three times the firft be greater, equal,
or lefs than twice the {econd, three times the third will be
greater, equal, or lefs than twice the fourth; or, if three
times the firft be greater, equal, or lefs than three times the
fecond, then will three times the third be greater, equal, or
lefs than three times the fourth; or if three times the firft
be greater, equal, or lefs than four times the fecond, then
will three times the third be greater, equal, or lefs than four
times the fourth, and so on. Again,
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= [

= e

= B

— e

— BEY R
&c.

= or

= or

— e

= or

= or

And so on, with any other equimultiples of the four
magnitudes, taken in the fame manner.

Euclid exprefles this definition as follows :—

The firft of four magnitudes is faid to have the fame
ratio to the fecond, which the third has to the fourth,
when any equimultiples whatfoever of the firft and third
being taken, and any equimultiples whatfoever of the
fecond and fourth ; if the multiple of the firft be lefs than
that of the fecond, the multiple of the third is alfo lefs than
that of the fourth; or, it the multiple of the firlt be equal
to that of the fecond, the multiple of the third is alfo equal
to that of the fourth; or, ir the multiple of the firft be
greater than that of the fecond, the multiple of the third
is alfo greater than that of the fourth.

In future we fhall exprefs this definition generally, thus :

IFM@LC, =or Om .
whenM‘ E,:ﬂr:m'

X
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Then we infer that @, the firt, has the fame ratio
to I, the fecond, which @, the third, has to W the
fourth : expreffed in the fucceeding demonftrations thus :

o:N: ¢V,
orthus, @: =& : P;

“as @ istofl,s0is @ to '.”

And if @ : 8 :: " - ' we fhall infer if
M@LC,=o =, then will
M@ C,=or O~ .

That is, if the firft be to the fecond, as the third is to the
fourth; then if M times the firft be greater than, equal to,
or lefs than m times the fecond, then fhall M times the

third be greater than, equal to, or lefs than m times the
fourth, in which M and m are not to be confidered parti-

and is read,

or thus, = —

cular multiples, but every pair of multiples whatever;
nor are fuch marks as @, @, , &c. to be confidered
any more than reprefentatives of geometrical magnitudes.

The ftudent thould thoroughly underftand this definition
before proceeding further.
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W) [ 2he firft of four magnitudes have the fame ratis to
2 ﬁw the fecond, which the third has to the Sourth, then
NG NIl any equimultiples whatever of the firft and third
: shall have the fame ratio to any equimultiples of
the fecond and fourth ; viz., the equimultiple of the firfl fhall
have the fame ratio to that of the fecond, which the equi-
multiple of the third has to that of the fourth.

Lt @ : 9 : 9. then; @ :2 [ :::9:29,

every equimultiple of 3 @ and 3 @ are equimultiples of

and 4, and every equimultiple of 2 ] and 2 @, are
equimultiples of ] and @ (B. g, pr. 3.)

That is, M times 3 @ and M times 3 4 are equimulti-
plesof @ and 4, and  times 2 ] and m 2 @ are equi-
multiples of 2 ] and 2 @ ; but @ : H:: $: @
(hyp); . if M 3 @ C, =, or T m 2 [}, then

M ;3 ‘ C, =, or Jmz (def. 5.)

and therefore 3 ¥y HEEK ZFE NCD: g.)

The fame reafoning holds good if any other equimul-
tiple of the firft and third be taken, any other equimultiple
of the fecond and fourth.

.. If the firit four magnitudes, &c.
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W one magnitude be the fame multiple of ~another,
8} which a magnitude taken from the Jirft is of a mag-
ol itude taken Jfrom the other, the remainder Shall be
| t}e fame multiple of the remainder, that the whole
1s of the whole.

@ A
Let OO =M -

Vg

and ) = M' g,

QO A
< OO minus = M’ g Mminus M a,.

v & = M'(* minus g
OO I:. g

and

e QOO = M A

o« If one magnitude, &c.
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and if equimultiples of thefé be taken from the firft

tawa, the remainders are either equal to thefe others,

Let OO =M's; and JUO) =M a;

then OO minus 7 = =

M’ @ minus » m = (M’ minus »') =,

and (JJ minus ' &4 = M 4 minus m & =

(M’ minus m') a .

Hence, (M’ minus »') m and (M’ minus »7) a are equi-
multiples of m and 4 , and equal to m and a ,

when M’ minus m = 1.

.. If two magnitudes be equimultiples, &c.
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x| [ the firft of the four magnitudes has the Same ratis
Wi 70 the fecond which the third has to the fourth,
then if the firf} be greater than the JSecond, the
& third is alfs greater than the Sourth; and if equal,

equal ; if lefs, lefs,

Let @ : [ :: @ :9 ; therefore, by the fifth defini-
tion, if @@ C EM, then will P9 Co4e
but if @ C I, then @ @ ]
and PGP S &,

ad . P @ .

Similarly, if ® = orT . then will V=
or 1§ .

% If the firft of four, é&c.

DEFINITION XIV.

GEOMETRICIANS make ufe of the technical term ¢ Inver-
tendo,” by inverfion, when there are four proportionals,
and it is inferred, that the fecond s to the firit as the fourth
to the third.

Let A:B:: C:D, then, by ¢ invertendo” it is inferred
Bioofeely v
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aW\|F four magnitudes are proportionals, they are pro-

vl portionals alfs when taken inverfely.

Lee@g:O:: W : ¢,
then, inverfely, (U : @ :: @ : B

M@ dmJ,then Ml O m
by the fifth definition.

Let M @ Om O, thatis, m JC MW,
MBI ,nr,ms:ff-EM.;
sLifmOJCM@, thenwilm@p T M M.

In the fame manner it may be thown,
thatif m (J =or M @,
then willm @ =,orIM ¥ ;

and therefore, by the fifth definition, we infer

that J: @ : ¢ : B

.*. If four magnitudes, &c.
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Wegnsg | rhe firft be the fame multiple of the fecond, or the
’ ' i Jfame part of it, that the third is of the fourth
';"r:* | the firfl is to the fecond, as the third is to the

= fourth.

Let = = « the firft, be the fame multiple of @@, the fecond,

that : :. the third, is of ., the fourth.

s
Then
soE

ke vy M ¢  o.
ke M .,M", h;

.. = *
is the fame multiple of
Wi e

: : is of dh (according to the hypothefis);

HE . :
and M is taken the fame multiple of
EY ] % P

that "isr:: "
s s

.* (according to the third propofition),

HE . :
M is the fame multiple of
.. P .

that M :: is of‘.

:.::”:.

hecaufe

that
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Therefore, if M == be of @ a greater multiple than

P .- i5, then M :: is a greater multiple of . than

. ik E ]
m R is; thatis, if M be greater than m then
mm e .
M ’ ‘ will

‘ ’ be greater than = ‘; in the fame manner

it can be thewn, if M W be equal m @@, then

]
M : : will be equal = ‘,

And, generally, if M #=a C=o Om @

Ep
then M *® will be “—Gr:m.'
*e e s

.*. by the fifth definition,

HER _ . $¢.

Next, let @ be the fame part of ==
that @ is c:f: : ;
In this cafe alfo @ == 3 B ::
For, becaufe
@ is the fame part uf== that @ is of : : 1
...
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th:rcﬁ.:n:

that : : is of @i .

Therefore, by the preceding cale,

T IR L e
Il""tt"'

mm o4
e a3y

by propofition B.

.*. If the firft be the fame multiple, &c.

ls the fame multiple of @
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e .oiee -
“oo Mige ¥

and firft, let @ . multiple Jli;
L 1 -

” fhall be the fame multiple of L B

LX)
;1.- Spcond, ;-i; Fourth.
oo ¢ L X Y
L OO
R el &

aKe D e .
ko oa e

Whatever multiple @ is of I}
a8

take QO the fame multiple crf._.

OO
then coauls . i i "‘ .
hen, b 1"._.“”_'

F the firf be to the fecond as the third o the fourth,
{ and if the firft be a multiple, or a part of the

and of the fecond and fourth, we have taken equimultiples,

@#@ and gg, therefore (B. 3. Pr. 4);
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® : O ::" OO but (conft.)
L L aials £ Breley i

S 3 . A ®® _ OO
.._QD..{E}F.&.}”._OO
QQ ame multiple o
Oolstheia Itiple of §

® .
that 15 of ..
Y S

Next, let | : ... S :::,

and

- &
and allo a part of =
Woputof og:
then § fthall be the fame part Df:: 5
¢
¢

Inverfely (B. 5.},

&
-.:::
® .
i B
is a multiple of [ ;

'Y & - @,

but [ is a part of

that is, e
&S
.*. by the preceding cale, :: is the fame multiple of §

& 4

that is, § is the fame part of.‘

; &
that 15 of :
“Wifgg

2. If the firft be to the fecond, &c.
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2 QUAL magnitudes have the fame ratio to the fame
magnitude, and the fame has the fame ratio to equal

magnitudes.

Let @ = ¢ and [l any other magnitude;
hen@ : M =¢ B d -0 =1 : ¢

Becaufe @ = @,
M@ =M@ ;

SLifM@ C,=or 3m |, then

M & —, =or ]« |},
and . @ : I = ¢ W (B. 5. def. 5).

From the foregoing reafoning it is evident that,
ifm [l =, =o M@, then
m i, = o M’
S @ =B : ¢ (B ;. def. 5).

.« Equal magnitudes, &c.
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DEFINITION VII.

Wiex of the equimultiples of four magnitudes (taken asin
the fifth definition), the multiple of the firft is greater than
that of the fecond, but the multiple of the third is not
greater than the multiple of the fourth; then the firft i
faid to have to the fecond a greater ratio than the third
magnitude has to the fourth: and, on the contrary, the
third is faid to have to the fourth a lefs ratio than the firft
has to the fecond.

If, among the equimultiples of four magnitudes, com-
pared as in the fifth definition, we fhould find

00000 HEEME. bu
."” _—or ] "", or if we thould

find any particular multiple M’ of the firft and third, and
a particular multiple »' of the fecond and fourth, fuch,
that M" times the firft is [ »' times the fecond, but M’
times the third is not [Z »' times the fourth, 7.e. = or
—] »' times the fourth; then the firft is faid to have to
the fecond a greater ratio than the third has to the fourth
or the third has to the fourth, under fuch circumftances, a
lefs ratio than the firft has to the fecond : although feveral
other equimultiples may tend to fhow that the four mag-
nitudes are proportionals.
This definition will in future be exprefled thus:—

fFM @9 » (), but M’ .:urjm",
then @: OCH: @ .

In the above general expreffion, M’ and a are to be
confidered particular multiples, not like the multiples M
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and m introduced in the fifth definition, which are in that
definition confidered to be every pair of multiples that can
be taken. It muft alfo be here obferved, that @, (), IR,
and the like fymbols are to be confidered merely the repre-
{entatives of geometrical magnitudes.

In a partial arithmetical way, this may be fet forth as
follows :

Let us take the four numbers, 8, 7, 10, and 5.

i I
! Firft. | Second. | Third. | Fourth.
I o S
Bl
. ¢ 14 2 -
-7 Bl HE 7' «
12 i 25 . {
' 35 3 i
45 42 b
! gt ‘ 449
| i I _I;fil - | z
-2 63 e l
70 100 y
B | | 1 )
=k Q1 i 3 ‘ 117
112 g8 | 140 126
ot il B o &c.

Among the above multiples we find 16 [T 14 and -
that is, twice the firft is greater than twice the
fecond, and twice the third is greater than twice the fourth;
and 16 = 21 and 20 ] 27 that is, twice the firft is lefs
than three times the fecond, and twice the third is lefs than
three times the fourth; and among the fame multiples we
can find 72 [ 56 and 90 [ that is, g times the firit
is greater than 8 times the fecond, and g times the third is
greater than 8 times the fourth. Many other equimul-
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tiples might be selected, which would tend to thow that
the numbers 8, 7, 10, g, were proportionals, but they are
not, for we can find a multiple of the firlt [ a multiple of
the fecond, but the fame multiple of the third that has been
taken of the firft not [ the fame multiple of the fourth
which has been taken of the fecond ; for inftance, g times
the firft is [ 10 times the fecond, but ¢ times the third s
not [Z 1o times the fourth, that is, 72 [Z 70, but 44
not = 9, or 8 times the firft we find [ 9 times the
fecond, but 8 times the third is not greater than ¢ times
the fourth, that is, 64 [ 63, but 5c isnot [T 1. When
any {uch multiples as thefe can be found, the firft (8) is
faid to have to the fecond (7) a greater ratio than the third
\19) has to the fourth (¢), and on the contrary the third
10) is faid to have to the fourth (9) a lefs ratio than the
firft (8) has to the fecond (7).
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[up % W) F wunequal magnitudes the greater has a greater

| ratio to the fame than the lofs bas: and the Jame
| magnitude has a greater 1atis to the lefs than it
| has to the greater,

7

A
Let |l and B be two unequal magnitudes,
and @ any other.

A
We fhall firft prove that [ which is the greater of the
two unequal magnitudes, has a greater ratio to @ cthan |,
the lefs, has to @ ;

'
thais, ll: @ C M : @ ;

A
take M’ i, »' @, M, and » ®;
fuch, that M’ 4 and M’ i fhall be each [ ®
alfo take 7' @ the leaft multiple of @@,

which willmake ¥ @ Ml =M B ;
S MW st @,

but M’ i 15 [ oo @ for,
as m' @ is the firft multiple which firft becomes [~ M.
than (s minus 1) @ orn @ minus @ isnot [T M’ | B
and @@ isnot C M’ a,

“o ' @) minus g - @ muft be 7 M B4 Ma;
A
that is, »' @ muit be J M N
A
SMB s @ ; but it has been thown above that

z
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M' g isnot[” »' @, therefore, by the feventh definition,

A
I bas to @ a greater ratio than Jj : @.
Next we fhall prove that @ has a greater ratio to JJj, the

A
lefs, than it has to Jjj, the greater;
A
o, @ : B CO®: N

Take /' @, M' i, » @, and M’ i,
the fame as in the firft cafe, fuch, that
M’ 4 and M’ g will be each [— @, and »' @ the leait
multiple of @, which firft becomes greater
than M' Jj =M .
s @ minus @ isnot = M,
and @ is not [C M’ a; confequently
v @ minus @ + @ s3OM 4+ M a;
'y

.o @ is M, and ., by the feventh definition,
A
@ has to [ a greater ratio than @ has to -

o« Of unequal magnitudes, &c.

The contrivance employed in this propofition for finding
among the multiples taken, as in the fifth definition, a mul-
tiple of the firft greater than the multiple of the fecond, but
the fame multiple of the third which has been taken of the
firft, not greater than the fame multiple of the fourth which
has been taken of the fecond, may be illuftrated numerically
as follows :—

The number g has a greater ratio to 7 than & has to 7:

thatis, g : 7= 8: 75 0r, 81 : 7 =817,
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The multiple of 1, which firft becomes greater than -,
is 8 times, therefore we may multiply the firft and third
by 8, 9, 10, or any other greater number; in this cafe, let
us multiply the firft and third by 8, and we have 64 §
and 64 : again, the firft multiple of 5 which becomes
greater than 64 is 10 times; then, by multiplying the
fecond and fourth by 10, we fhall have 70 and 7o ; then,
arranging thefe multiples, we have—

A times 10 times £ times 1o imes
the first, the secomd. the third. the fourth,
WHE L

Confequently 64 <= 8, or 72, is greater than -, but 64
is not greater than yo, .-, by the feventh definition, g has a
greater ratio to 7 than 2 has to 7 .

The above is merely illuftrative of the foregoing demon-
tration, for this property could be thown of thefe or other
numbers very readily in the following manner; becaufe, if
an antecedent contains its confequent a greater number of
times than another antecedent contains its confequent, or
when a fraction is formed of an antecedent for the nu-
merator, and its confequent for the denominator be greater
than another fraction which is formed of another antece-
dent for the numerator and its confequent for the denomi-
nator, the ratio of the firft antecedent to its confequent is
greater than the ratio of the laft antecedent to its confe-
quent.

Thus, the number g has a greater ratio to 7, than 8 has
to 7, f'urg- is greater than g

Again, 17 : 19 is a greater ratio than 13 : 15, becaufe
17 1 15 255 13 13 ¥ 1g a4

hence it is

19 19 X 15 T 285 15 15 T eBgt
55 247

evid 265 is gr S, e L
vident that -5; is greater than 285’ 15 18 greater than
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13
15t

to 1g a greater ratio than 13 has to 15.

and, according to what has been abave thown, 17 has

So that the general terms upon which a greater, equal,
or lefs ratio exifts are as follows :—

If % be greater than %, A is faid to have to B a greater
ratio than C has to D ; if% be equal to %. then A has to
B the fame ratio which C hasto D; and if % be lefs than

%, A is faid to have to B a lefs ratio than C has to D.

The ftudent thould underftand all u p to this propofition
perfectly before proceeding further, in order fully to com-
prehend the following propofitions of this book. We there-
fore ftrongly recommend the learner to commence again,
and read up to this lowly, and carefully reafon at each ftep,
as he proceeds, particularly guarding againft the mifchiev-
ous fyltem of depending wholly on the memory. By fol-
lowing thefe inftructions, he will find that the parts which
ufually prefent confiderable difficulties will prefent no diffi-
culties whatever, in profecuting the ftudy of this important
book.
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"- AGNITUDES which have the fame ratio to the

3
r 1j| Same magnitude are equal to one another ; and
1:' thafe to which the fame magnitude has the fame

ratio are equal to one another.

et @ W, theng =@.
For, if not, let ’ — @, then will
¢ HC @ :HB:; s,

which is abfurd according to the hypothefis.
’ isnot [ @.
In the fame manner it may be thown, that

® snotC ¢,
¢ =0.
Again,let ( 1 @p 2 [ 1 @ thanwil @ = @.

For(mvert.) ¢ ' |l :: @ :
therefore, by the firft cafe, ¢=@.

"« Magnitudes which have the fame ratio, &c.

This may be thown otherwife, as follows :—

Let A : =4 :C, then B = C, for, as the frattion
— = the fraction =, and the numerator of one equal to the
numerator of the other, therefore the denominator of thefe
fractions are equal, that is B = C,

Again, if B: A = C:A,B=C. For, as £ = &

E muoft == (.
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PAHAT magnitude which has a greater ratis than
X 8| cnother has unto the Jame magnitude, is the greater

N&| of the two: and that magnitude to which the fame
588 fiar a greater ratio than it has unts another mag-
nitude, fs the lefs of the two.

Let @ : .:.:.,then':.,

For if not, let ' =orM® ;
then, @: =@ : B (B. 5. pr. 7) or
W:B3@® : @ (B.5.pr. 8) and (invert.),
which is abfurd according to the hypothefis.
S @Wisnot=or @, and
C. @ omultbe T @.
Again, let -. e .,
then, @ P
For if not, @ muft be [C or = .
then Pl @ 3O B : W (B. 5. pr. 8) and (invert.);
or l1:@® = B : W (B.5. pr.7), whichis abfurd (hyp.);
" @ isnot or=14,
and ,*, @ muift be '

.*+ That magnitude which has, &c.
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ATIOS that are the fame to the fame ratio, are the

| Same to each other.

let @ . =@  Paud@:PF=ua:e0,
thenwill @ : [l = a:e.

Forif M @ ,=,or =k
then M @ C,=,0r Jm @,
and if M @ I, =, or O m @,
then M a =, —, or I m », (B. & def. £};
LM Co=oranB,MaC,=,orJme,
and ,*, (B. 5. def. 5) @ :Jll = a: 0.

.*. Ratios that are the fame, &c.

=

P

e
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W [ any number of magnitudes be proportionals, as |
gl one of the antecedents is ta its confequent, fo fhall |
8 all the antecedents taken together be to all the |

i : @ =0U:0O=Q:P=9:vy=i:8s;
then will if : @ =
B+O+®+e+2:0+0+9+ 14

Forif M " m @, then M J C»m O,
amdMPCnP Melmy,
allo M & [ m e, (B. 5. def. 5.)

Therefore, if M [jj = = @, then will

MB+MO+M@$ 4+Me+4 M,

or M k.+D+’ + o 4 4) be greater

thainw @ +m O Fn W 4mvdmo,
orn (@4 O+W 4 v40).

In the fame way it may be thown, if M times one of the
antecedents be equal to or lefs than  times one of the con-
fequents, M times all the antecedents taken together, will
be equal to or lefs than m times all the confequents taken
together. Therefore, by the fifth definition, as one of the
antecedents is to its confequent, o are all the antecedents
taken together to all the confequents taken together.

»*+ If any number of magnit.udf:s, &e.
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rmge [ the firft has to the Second the fame ratio which
:‘!:;,. fﬁ’! the third has to the fourth, but the third to the

ki ﬂ’l '
| Jfourth a greater ratio than the Sifth has to the
; A fixth; the firft fball alfo have to the fecond a greater
ratio than f.‘?:’ﬁﬁf! fo L"lu'ﬂh’f.-'}.

L-::t':D:';"éﬁ’:h“t-:‘ Co: @,
then @ : 0O C O @
For, becaufe i : € = O : @, there are fome mul-

tiples (M’ and ') of [l and O, and of @ and @,
fuachthat M I C » €,

but M’ ¢ not [Z » @), by the feventh definition.

Let thefe multiples be taken, and take the fame multiples
of @ and [J.
 (B.5.def. s )M WP IS, =,0or T J;
then wil M’ lIC, =, or 3 @ ;
but M B » @ (conftruction);
S M@ m s
but M ¢ is not = »/ @ (conftruction) ;

and therefore by the feventh definition,
U Hyll=FoRl I

. If the firft has to the fecond, &c.
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R the firfl has the fame ratio to the [econd which the
third has to the ﬁﬂrﬂt ; then, if the firfl be greater
e} than the third, the fecond [ball be greater than the
— fourth ; and if equal, equal ; and if lefs, lefs.

Let @:0J:: B : @, and firflt fuppofe
PC B thenwilJ C ¢

For @: 0 B : D (B. 5. pr. 8), and by the
hypothefis, @ : (U =8 : ¢ ;
S HB:eoCB:T (B s pr.13),
=4 ) (B, pro1o),or ) 2 L ¥

Secondly, let § = [, then will JJ = ¢ .

For @ : =W : 0 (B. 5. pr. 7),
ad @ :OJ=M : @ (hyp.);
SB:0O= :¢ (B.s5.pr. 11),
and .. J =@ (B.s5, pr. 9).
Thirdly, if @ 2 B, then will J O @ ;
becaule [l — W and I8 :‘ =9:0;
.. & O, by the firft cafe,
thatis, J O @ .

. If the firft has the fame ratio, &cc.
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.: .'.. AGNITUDES have the fame ratio fo one another

L which thetr fgufﬁmr’n;m’f: bave.

Let @ and B be two magnitudes;
then, @: B ::M @:M §.
For@: B =¢: 8

— B |
=0 B
SO @:48. (B 5. pr.12).

And as the fame reafoning is generally applicable, we have

B Mg : M.

.*. Magnitudes have the fame ratio, &c.
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DEFINITION XIII.

THE technical term permutando, or alternando, by permu-
tation or alternately, is ufed when there are four propor-
tionals, and it is inferred that the firft has the fame ratio to
the third which the fecond has to the fourth ; or that the
firft is to the third as the fecond is to the fourth : as is
thown in the following propofition :—

Lt @ : 499 : N,

by ¢ permutando™ or “* alternando ” it is
inferred @ Qo :N.

It may be neceffary here to remark that the magnitudes

o, 9. W B, muft be homogeneous, that is, of the
fame nature or fimilitude of kind; we muft therefore, in
fuch cafes, compare lines with lines, furfaces with furfaces,
folids with folids, &c. Hence the ftudent will readily
perceive that a line and a furface, a furface and a folid, or
other heterogenous magnitudes, can never ftand in the re-
lation of antecedent and confequent.
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s¥ F four magnitudes of the fame kind be proportionals,
they are alfo proportionals when taken alternately.

Let@: Dl @,then @: W::0: @

For M@ :MJ:: @:0J (B.s. pr. 15),
andM @:MJ:: i : & (hyp.) and (B. 5. pr. 11);
alfom § : m 1 ¢ (B.s pr.ois);
M@ MU :iim @l:m ¢ (B. 5. pr.14),
and *, if M WL, =, or J = [,
then will M ) =, or T m & (B. 5. pr.14);
therefore, by the fifth definition,

O:H::U: ¢

.*« If four magnitudes of the fame kind, &c.
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DEFINITION XVI.

Divipenpo, by divifion, when there are four proportionals,
and it is inferred, that the excefs of the firft above the fecond
is to the fecond, as the excefs of the third above the fourth,
15 to the fourth.

LetA:Bi:C:D;
by “¢dividendo ” it is inferred
A minus B : B :: C minus 1 - D.

According to the above, A is fuppofed to be greater than
B, and C greater than D : if this be not the cafe, but to
have B greater than A, and D greater than C, B and
can be made to ftand as antecedents, and A and ¢ as
confequents, by “ invertion

Bot AT s
then, by “dividendo,” we infer

Bminus A : A :: D minusC : C,
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Shall alfs be proportionals when taken feparately :
| that is, if twe magnitudes together have to one of

: =dll tfem the fame ratio which two others have to one
of thefe, the remaining one of the firft two fhall have to the other
the fame ratio which the remaining one of the laft two has to the
other of thefe.

Lt W+ T: T H+4: ¢,
thenwill @: T :: [ : @.

Take M @ [Z » [J to each add M ([J,
thenwehawve M@P MO = O+ MO,
or M (W4 O)  (»+4+ M) J:
but becautc @ 4 T : 0T :: W+ ¢ : @ (hyp.),
and M (@ + ) E (4 M) T;
M4 @) (n4M) @ (B. 5. def. 5);
SMEBH+MOEn@ +Me;

oo M B m @, by taking M ¢ from both fides :
that is, when M@ Cm D, then M Il =72 @ .

In the fame manner it may be proved, that if
MW =or—ym (J, then wil M [l = or I m ¢;
and ", @ :J:: W : @ (B. 5. def g).

.*. If magnitudes taken jointly, &c.
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DEFINITION XV.

THE term componendo, by compofition, is ufed when there
are four proportionals; and it is inferred that the firft toge-
ther with the fecond is to the fecond as the third together
with the fourth is to the fourth.

Let v = B=:C : D

then, by the term “ componendo,” it is inferred that
A4+B:B::C 4D:D.

By * mvertion” B and D may become the firft and third,
A and C the fecond and fourth, as

B: A:2D -

b

then, by « componendo,” we infer that

E-I-r'i:.'"&::l_)-}-'



BOOK V. PROP., XVIII. THEOR. 185

B E magnitudes, taken feparately, be proportionals,
% i | they fhall alfs be proportionals when taken jointly :
) \\Cg| that is, if the firft be to the fecond as the third is
B\ 1y the fourth, the Sirft and fecond together fhall be
to the fecond as the third and fourth together is to the fourth.

Let @ :J:: Il : ¢,
hen @+ O W+ @:@;
forifnot, let W4+ DJ:D:: M +@: @,
fuppofing @ not = @ ;
SOOI @ (Bos.pr.o17);
but @: D :: M : @ (hyp.);
. @:::¢@ (B ;. pr.11);
. @ =@ (B.5. pr.g),
which is contrary to the fuppofition ;
. @ is not unequal to @ ;
thatis ) = @ ;
S O94+0:0:8 4@ : 9.

. If magnitudes, taken f{eparately, &c.
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F a whole magnitude be to a whole, as a magnitude
S taken from the firfl, is to a magnitude taken from
Yo\ the other ; the remainder fball be to the remainder,

L@ +0: M+ ¢ 9 M
then will ) : *'+U-+’=
For @+ 0O :9:: 0 + ¢ : B (alter),

SO ¢ B divid,),
again () : @ :: @ [ (alter.),
bt @ 4+ O+ &0l hyp)s
therefore J: @ W4+ U: R + ¢

(B. &. pr. 11}

.. If a whole magnitude be to a whole, &c.

DEFINITION XVII.

Tur term * convertendo,” by converfion, is made ufe of
by geometricians, when there are four proportionals, and
it is inferred, that the firft is to its excels above the fecond,
as the third is to its excefls above the fourth. See the fol-

lowing pmpmlitiun o



BOOK F¥. PROP. E. THEOR, 187

et ey,

B L four magnitudes be proportionals, they are alfo
proportionals by converfion : that is, the firfl is to
its excefs above the fecond, as the third to its ex-
cefs above the fourth.

Le@O: GO &,
then hall @O : @ 1 B a ¥

Becaufe .OO- . ;
thereforc @ : O B : (divid.),
R ] s : [ (inver.),

S 9O0O:® O W (compo.).

.. If four magnitudes, &c.

DEFINITION XVIII.

“ Ex @®quali” (fc. diftantid), or ex mquo, from equality of
diftance : when there is any number of magnitudes more
than two, and as many others, fuch that they are propor-
tionals when taken two and two of each rank, and it is
inferred that the firft is to the laft of the firft rank of mag-
nitudes, as the firft is to the laft of the others: * of this
there are the two following kinds, which arife from the
different order in which the magnitudes are taken, two
and two.”
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DEFINITION XIX.

““ Ex ®quali,” from equality. This term is ufed fimply by
itfelf, when the firft magnitude is to the {fecond of the firft
rank, as the firft to the fecond of the other rank; and as
the fecond is to the third of the firft rank, {o is the fecond
to the third of the other ; and fo on in order: and the in-
ference is as mentioned in the preceding definition ; whence
this is called ordinate proportion. It is demonitrated in

Book 5. pr. 22.

Thus, if there be two ranks of magnitudes,
A, B, C, D, E, F, the firft rank,
and L, M, N, O, P, Q, the {econd,
fuchthat A:B:: L: M, B:C:: M : N,
; R P B Fer P oD
we infer by the term  ex mquali” that
A B Lo
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DEFINITION XX.

« Ex ®quali in proportione perturbatd feu inordinati,”
from equality in perturbate, or diforderly proportion. This
term is ufed when the firft magnitude is to the fecond of
the firft rank as the laft but one is to the lait of the fecond
rank ; and as the fecond is to the third of the firft rank, fo
is the laft but two to the laft but one of the {econd rank :
and a5 the third is to the fourth of the firft rank, {o is the
third from the lait to the laft but two of the fecond rank ;
and fo on in a crofs order: and the inference is in the 18th
definition. It is demonftrated in B. 5. pr. 23.

Thus, if there be two ranks of magnitudes,
A,B,C,D,E,F, the firft rank,
and ., M, N, O, P,Q, the fecond,
fuch that A :B ::P: Q. B :C::0 :P.
C D NIO, D Bz : N, i St R T
the term * ex 2quali in proportione perturbati feu inordi-

natd” infers that

Ac:F :zL 9.
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F there be three magnitudes, and other three, which,

fal taken fwo and tws, have the fame ratis; then, if
ol hc firft be greater than the third, the fourth fhall
_— be greater than the fixth; and if equal, equal;
and 1f lefs, fofs.

Let @9, (), B8, be the firflt three magnitudes,
and 4, &, @, be the other three,

fuchtha @ : U@ :GC,andJ: @O : @.
Then, if @ =, =, or T3 I, then will § [, =,
or ]
From the hypothefis, by alternando, we have
9:¢:0:6,
ad J: G B : @;
P9 ::H: ® (B ;5. pr. n1);
s if @, =, or 3 i, then will o L=

or ] (B. 5. pr. 14).

.. If there be three magnitudes, &c.
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ET_E{U have the fame ratis, taken two and two, but in a
hy

Vol

¥

wtlitomdl| (fran the third, the fourth fhall be greater than the
Jixth ; and if equal, equal ; and if lefs, lefs.

Let x ‘ : .j be the firft three magnitudes,
and 4, (>, @, the other three,

fuchthat @ : el 2O :@,and gy ' :: @ :O-

Then, if [, =, or 1R, then
will @ [, =, 3

Firft, let @ be— 1M :
then, becaufe gy is any other magnitude,
' "l : @ (B s pr8);
but ¢ : 4t iy (hyp.):
OO CH 4 (Bosoproa3);
and becaufe gy - M :: & & (hyp)s
N BY BHeRE NN
and it was fhown that ¢ : CH: b

D E{};’(B.g,pr,13};
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.9 3¢,
that is ‘ C &

Secondly, let @ = [l ; then (hall ¢ — ®.
For becaufe B = [,
V:h=N: 4GB ;7
but @ : A= O : @ (hyp.),
and il : = O : & (hyp. and inv.),
O @=0: @ (B s pro1r),

. @ =@ (B. 5. pr. g).

Next, let ¥ be J . then @ hallbe T @ ;
for ll T W,
and it has been thown that [ff : = O : $,
and @ : W =o : O;
<. by the firlt cafe @ s @,

that is, 4

'I-‘l If Thﬂl‘n‘.: hc thl’cc, &CC.
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| I there be any number of magnitudes, and as many
others, which, taken two and twe in arder, hauve
[ the fame ratio; the firff (hall have to the lafl of
Bt £/ Jirft magnitudes the fame ratio which the Jirft
of the sthers has to the laff of the fame.

N.B.— This is ufually cited by the words < ex wquali,” or
“Cex aequs.”
Firft, let there be magnitudes V.¢. |,
and as many others $.0.9,
{uch that
v:e:e:O.
and € : STORE JF
then fhall L I I ‘ E
Let thefe magnitudes, as well as any equimultiples

whatever of the antecedents and confequents of the ratios,

ftand as follows :—

';. ’: J‘J O: ’

and
M@,n@,NI,M &, O.N®,
becaufe @ : @ :: ¢ O
SCM@Pin@ M $® 2O (B.os.op.yg).

For the fame reafon

N O N :
and becaufe there are three magnitudes,
CC




194+  BOOK V. PROP. XXII. THEOR.

M@,nq, NN,
and other three, M 4 , m O N @,
which, taken two and two, have the fame ratio;
S IFM@P = oadNH
then will M 4 =, =, or N @, by (B. 5. pr. 20);
and . @ B @ @ (def ).

Next, let there be four magnitudes, § , 4, 1, ¢,
and other four, &, @, ™, &,
which, taken two and two, have the fame ratio,
thatisto fay, @ : @ 11O 1 @,
S N BN P
and [l : @ 2w : A,
then hall@ : 4 2O : A ;
for, becaufe @ , €, o, are three magnitudes,

and (O, @, ™, other three,

which, taken two and two, have the fame ratio;
therefore, by the foregoing cafle, P i 1) 1w,
but : @ i ;A
therefore again, by the firft cafe, § : ‘ ol

and fo on, whatever the number of magnitudes be.

[f there be any number, &c.
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: ‘3 [ there be any number of magnitudes, and as many
ffu! others, which, taken two and two in a crofs order,
.. \h %l have the fame ratio ; the firfi fhall have to the laft
.@1‘ the firfl magnitudes the fame ratio which the

Jirfl of the others has to the laf} of the fame.

N.B.—This is wfually cited by the words “ex wqualf in
proportione perturbatd ;7 or © ex aquo perturbate.”
Firft, let there be three magnitudes, W, T, Il »
and other three, &, e I

which, taken two and two in a crofs order,

have the fame ratio;
that is, AWt
and () 1} :: Y
then fhall 4 4 B

Let thefe magnitudes and their refpective equimultiples

be arranged as follows :—
JUFE PR FROTY F
M@, MO,nIB-M@,n,n@,
then J M M (] (B. 5. pr. 15);
and for the fame reafon
o BEITexEd ¥
but 0O 1@ (hyp),
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CCMBP MO G @ (B.g. pr. 11);
and becaufe () : [l :: @ : & (hyp.),

SMO iz i@ m O (B.s. pr.4);
then, becaufe there are three magnitudes,
Mg, MO, R,
and other three, M &, m O, m @,

which, taken two and two in a crofs order, have

the {ame ratio;
therefore, if M W [, =, or I = |,
then will M .= or 1= @ (B. 5. pr. 21),
and . Wi :: @ @ (B. 5. def. 5),
Next, let there be four magnitudes,
w0 R 6
and other four, ¢, @, =, A,

which, when taken two and two in a crofs order, have

the fame ratio ; namely,
AR v
Ul @ : m,
amdl: @O0 @,
then fhall @9 : O A

For, becaufe @9, (TJ, I are three magnitudes,
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and @ , mm, A, other three,

which, taken two and two in a crofs order, have

the fame ratio,

therefore, by the firft cafe, 4 B VY
but | : Hrald F
therefore again, by the firft cafe, © ' : Ry A

and 1 on, whatever be the number of fuch magnitudes.

~. If there be any number, &e.
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G the third has to the fourth, and the Sifth to the
= fecond the fame which the fixth has to the fourth,
=8| the Sirft and fifth together fhall have to the fecond
the fame ratio which the third and fixth together have to the
Jourth,

Furst. Second. Third. Fourth.
v O ®m ¢

"
Fafib. Sixth,

O O
Lee@:U::B: &,
ad O @: @,
then @4+ O:0U:: W+ @: §.
For O:J:: @: & (hyp.),
and () : @ :: & : @ (hyp.) and (invert.),
SO P @: M (B s pr. 22);

and, becaufe thefe magnitudes are proportionals, they are

proportionals when taken jointly,
SO+ OC: O @4 H: @ (B ;5. pr. 1),
but O :(J:: @: & (hyp.),
W4+ OC: 00+ B: ¢ (B 5. pr. 22).

.. If the firit, &ec.
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e —

oex [ four magnitudes of the fame kind are propor-

)
tionals, the greateft and leaft of them together are

2

(4!

_: 8l greater than the sther twe fﬂge’mm'.
L e

Let four magnitudes, ' + U’ H+ o, J, and &,

of the fame kind, be proportionals, that is to fay,
$+O:m+4:0: 6,
and let @ == [ be the greateft of the four, and confe-

quently by pr. A and 14 of Book g, is the leaft;
then will § - O+ be C W + + J;
becaufe §P 4+CO: 8+ w0 ¢,
P - B9 4+0: B+ € (Bos.oproag),
N ol= ER AL
.9 | (Bosopro A
to each of thefe add (J 4= ¢,
;9 +0+ 0 CEB+UAF

.. It four magnitudes, &c.
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DEFINITION X.

WHEN three magnitudes are proportionals, the firit is faid
to have to the third the duplicate ratio of that which it has
to the fecond.

For cxamplc, if A, i, C, be continued pmpurtiuna]s,
thatis, A: 1 12 B : (, Ais faid to have to C the dupli-
cate ratioof A : [ ;

or — == the fquare of -!-

] o

This property will be more readily feen of the quantities

are, ,E,E::rﬂr’:-:::-:.:;
-:J" o
and — =y =— = r,
g
orof a, ir,art:
for — the f ‘
'DI‘—="" = lIEI'E-D— —_—
~ =z =the g x

DEFINITION XI.

Wuen four magnitudes are continual proportionals, the
firft is faid to have to the fourth the triplicate ratio of that
which it has to the fecond; and fo on, quadruplicate, &c.
increafing the denomination ftill by unity, in any number
of proportionals.

For example, let A, |, ¢, D, be four continued propor-
tionals, that s, Az 2 :: s O C: D Als faid to have
to D, the triplicate ratio of A to 113

A A
or — = the cube of —.
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This definition will be better underftood, and applied to
a greater number of magnitudes than four that are con-
tinued proportionals, as follows :—

Letar', = sarsd be four magnitudes in continued pro-

portion, that is, 2 * : czart tar itar :a,

'I.’" | ?"'
then — = * = the cube of — = r.
a .

Or, let ar®, ar®, ar®, ar®, ar, a, be fix magnitudes in pro-
portion, that is
arftartiart arfiartrart s ar tar i ar: a,
ar’ ar®

then the ratio — == »* == the fifth power of — = r.
tr ar

Or, let a, ar, ar?, ar®, ar*, be five magnitudes in continued

: a 1 a 1
proportion; then —, = — == the fourth powerof — = -
ar r ar -~ r

DEFINITION A.

To know a compound ratio :—

When there are any number of magnitudes of the fame
kind, the firft 1s faid to have to the laft of them the ratio
compounded of the ratio which the firft has to the fecond,
and of the ratio which the fecond has to the third, and of
the ratio which the third has to the fourth ; and fo on, unto
the laft magnitude.

For example, if A, B, C, D,
be four magnitudes of the fame ABCD
kind, the firft A is faid to have to EFGHKEKL
the laft [) the ratio compounded
of the ratioof A toB, and of the “—
ratio of I} to C, and of the ratio of C to D ; or, the ratio of

DD
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A to D is faid to be compounded of the ratios of A to I,
B to(,and C to D.

And if A has to B the fame ratio which E has to F, and
B to ¢ the fame ratio that G has to H, and C to D the
fame that K has to L ; then by this definition, A is said to
have to D the ratio compounded of ratios which are the
{ame with the ratiosof E to F, GtoH, and K to .. And
the fame thing is to be underftood when it is more briefly
exprefled by faying, A has to D the ratio compounded of
the ratios of E to F, G to H, and K to L.

In like manner, the fame things being f{uppofed; if M
has to ™ the fame ratio which A has to D, then for thort-
nefs fake, V1 is faid to have to N the ratic compounded of
the ratios of E to F, G to H, and K to L.

This definition may be better underftood from an arith-
metical or algebraical illuftration ; for, in fact, a ratio com-
pounded of feveral other ratios, is nothing more than a
ratio which has for its antecedent the continued produt of
all the antecedents of the ratios compounded, and for its
confequent the continued product of all the confequents of
the ratios compounded.

Thus, the ratio compounded of the ratios of
213, 457 6211, 286,
istheratioof = X 4 X 6 X 2: 17X 7 X 11 X5,
or the ratio of g6 : 1155, or 32 1 385.
And of the magnitudes A, B, C, D, E, F, of the fame
kind, A : F is the ratio compounded of the ratios of
A:B B:C,C:D, D:E, E: F;
for AXBXCXDXE :BXCXDXEZXF,
‘ o EW L X
EX LX DX

b e A . LB
or F_KP._E—..orthcratmﬂf’k.I.
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J ATIOS which are compounded of the fame ratios

Nl are the fame fo one another.

Let A:Bat F:G, !
_ 0t G : H, ABCDE
C:D::H: Kk, FGHEKL

and D : E iz K: L.

Then the rati-:r which is compounded of the ratios of
4:8, B:C, C:D,D:E, or the ratio of A : E, is the
{fame as the ratio compounded of the ratios of F: G,

.H, H:K, K:L, or the ratioof F: L.

o
For &2 = =,
- -,
|
C i
D T
nnd#:‘;;
. AXBXCXD . FXGXHXK
** AWCYMDME ™ YHXEKEXL'
A F
and ', = = —,

E
or the ratio of 4 : F is the fame as the ratio of F:

The fame may be demonitrated of any number of ratios
{o circumitanced.

Next, let A: B K : L
B:C:i:H: K.

+:D::G: H.,

N: E:xnF:Ge.
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=
Then the ratio which is compounded of the ratios of

A:B,B:C,C:D, D:E, or the ratio of A:E, is the
fame as the ratio compounded of the ratios of ¥ : L, 11 : 1,
- :H,F :0,or the ratio of F : L.

A
For = ==

o AXBXCXD __ EXHXGXF
""BXCXDXE T LXEXHXG?
L] _E

an-:!,,;:__L,

or the ratio of A : E is the fame as the ratio of F : L.

»*+ Ratios which are compounded, &c.
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Y F feveral ratios be the fame to feveral ratiss, each
Wi t0 each, the ratio which is compounded of ratios
| which are the fame to the firf} ratios, each to each,
Shall be the fame to the ratis compounded of ratios
which are the fame fo the other ratios, each to each.

e — = e mrm——

ABCDEFGH PQRST ‘
a becd e fph VWIXYZ |
Ifyv:Bz:ia:d)andA:B::P:Q 1 a:b:: V:W
i.l:l..:'::f:{f ';..1:i}::Q:R ‘-:ff::'-.."._’;:\,.
i FateiFf B:F RS | e:f: « %
:Lndi'?:]!::g:&;] G:H::5:T | gzkhz: Y5
then P: T =
Fﬂr%:_{::%: =,
e, e Sl T e
T o Ay e e X
it S
Bs e g — Tty
b sl I'.“_II i i '.
p e T Uty F e TR
and o PXRXRXS | VXWXXXY
**OXRHSAHAT ™ WXXXTYXZ!
and .-. ? —
or P : T =

. If feveral ratios, &c.
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¥ a ratio which is compounded of feveral ratios be
the fame to a ratio which is compounded of foveral
sther ratios ; and if one of the firft ratios, or the
ratio which is compounded of feveral of them, be
the fame to one of the laft ratios, or to the ratio which is com-
pannded of feveral of them; then the remaining ratio of the Sirf,
ary if there be more than one, the ratio compsunded of the re-
maining ratios, fhall be the fame to the remaining ratis of the
lajl, ory if there be more than ene, to the ratis compounded of thefe

FEHIAINING Fatiss.

ABCDEFGH
PoRSTN

Let A:B, B:C, C:D, D:E, E:F, F:G, G:1l,
be the firlt ratios, and P: Q, Q:R, R:5,8:T, T:X,
the other ratios ; alfo, let A : H, which is compounded of
the firlt ratios, be the fame as the ratio of P - %, which is
the ratio compounded of the other ratios; and, let the
ratio of A : E, which is compounded of the ratigs of A: I,
B:C, C:D, D:E, be the fame as the ratio of I': K,
which is compounded of the ratios I': (2, (3 :R.

Then the ratio which is compounded of the remaining
firlt ratios, thar is, the ratio compounded of the ratios
E:F, F:G, G:H, that is, the ratio of E : H, fhall be
the fame as the ratio of R: X, which is compounded of
the ratios of R:=5, S:T, T:X, the remaining other

ratios,
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B uﬂ:L_H_BKC'}{I}KEHF}{EE_P}((i}{RHS}{'T'
s n::{‘H]JKI-‘.KFKGKH_t}b{H}{h}{'i'}ii’
~,)€i:KLKDxE§{I~K1._H{_g €X'l
OfF "¢ XD XE FXGXH X R THT XN
3 i
d".}CF:KLK_E_}=[:o{_
ANt X CKXKDXE QX R?

.*. If a ratio which, &c.
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N E there be any number of ratios, and any number of

»f:,*f; sther ratios, fuch that the ratio which is come
4 pounded of ratios, which are the Jame to the firft
B ratios, each to each, is the fame to the ratio which
is compounded of ratios, which are the fame, each to each, to
the laft ratios—and if one of the firf} ratios, or the ratio which
is compounded of ratiss, which are the fame to Jeveral of the
Srf ratios, eack to each, be the fame to one of the laff ratios,
or to the ratio which is compounded of ratios, which are the
Jame, each to each, to feveral of the laff ratiss—then the re-
maining ratio of the firfl; or, if there be more than one, the
ratio which is compounded of ratios, which are the fame, each
10 each, to the remaining ratios of the firft, fhail be the Same
to the remaining ratio of the laft ; or, if there be more than
one, to the ratio which is compounded of ratios, which are the
Same, each to each, to thefe remaining ratios.

| h km n s |
ABCD,EF.GH, KL, MN, 4 ¢ d .y :
L] ¥ . II ¥ i&u"l’ﬂlﬂjﬁ
abcd e fg

| |

Let A:B, C:D, E:F, G:H, K:L, M :N, be the
firlt ratios, and @0, iR, 5:T, V:W, X:Y, the
other ratios;

| :

and let A:B = .: 4
iD= §:c,
EiF = ¢z d .
GrH = d:.,
K:L = «+:/,
M:N = 7:5.
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Then, by the definition of a compound ratio, the ratio
of 3 7, is compounded of the ratiosof g 35,2 ic.c ids d 2
i g which are the fame as the raticof A : B, C: Ds
F:F, G:H, K:L, M:N, each to each.

Alfo, O :P

. T

-

]

:P.

I

308 o~ o o
3

Then will the ratio of A:p be the ratio compounded of
the ratios of A: &, &:1, l:m, m:n, n:p, which are the
fame as the ratiosof O P, Q R, ST,V W, X ¥,
each to each.

.. by the hypothefis ,: o = A:p.

Alfo, let the ratio which is compounded of the ratios of
A:H, C:D, two of the firft ratios (or the ratios of ;:¢,
for A\:B = 414, and C :D = 4:;), be the fame as the
ratio of a:d, which is compounded of the ratios of a:b,
b:c, ¢:d, which are the fame as the ratios of O : 7,

, 5 :7T, three of the other ratios.

And let the ratios of h:s, which is compounded of the
ratios of h:k, k:m, m:n, n:s, which are the fame as
the remaining firlt ratios, namely, £ :FF, G tH, K :L.
\l 1N ; alfo, let the ratio of e: g, be that which is com-
pounded of the ratios e f, f: g, which are the fame, each
to each, to the remaining other ratios, namely, ¥ W,

. Then the ratio of h:s fhall be the fame as the
ratioofe:g; orh:s == e: g.

Far A Wi wWE }51___}{5 }:-E i I, 3 5}{#“.!“_}{;.
B % %re Wi %L €N _BHUX'I:{*KIKJJ
EE
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210
and OX QX SX VX X e AXEX I XN
FA REXTX WX YT kX ixm¥nanwxp'

by the compofition of the ratios;

}{_ﬁ_}{;}( m ¥ m EhFF}

e XX XKdXeXf e h
S A I Xm¥aXp

TP AR eXdX e XX

w b X [ I g— A hwl x ™
b ¥ e dX eXjXg = EXIXm nXpt

ur

g X b AT . OX DY &
i¥:e BXD F X RX T

— aXbXe _ AXEx/!
T obXeXd T AT Xm!

c X d X e X r i ﬂl}ia[
"t AN e M fXE T aupT

e MoX T __ hxk xm»n e
And dXeXi®zg &~ kXm¥n xXs t:h}?""

m s W T
and n E‘: tig {h}"P:I,

, hXk¥Xmxn __ ef
"t kW mXn s T f_;'-‘

* e = ELg.

.*. If there be any number, &c.

S S

*.0 Algebraical and Arthmetical expoaitiond of the Filh Took of Faclid are given in
Pyrne's Doctrine of Propartion ; publisled by Westiass and Co, London, 1941.
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BOOK VI.

DEFINITIONS.

1
q! ECTILINEAR A

gl figures are faid to
444 be fimilar, when

s they have their fe-

veral angles equal; each toeach, ’
and the fides about the equal

angles proportional. ’

II.
Two fides of one figure are faid to be reciprocally propor-

tional to two fides of another figure when one of the fides
of the firlt is to the fecond, as the remaining fide of the
fecond is to the remaining fide of the firft.

II1.
A sTRAIGHT line is faid to be cut in extreme and mean
ratio, when the whole is to the greater fegment, as the

greater fegment is to the lefs.

IV.

Tur altitude of any ﬁgure is the straight line drawn from
its vertex perpendicular to its bafe, or the bafe produced.
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PRSI RIANGLES
Tox 't and  parallels-
1 mg_ grams having the

B e Same altitude are
te one ansther ar their bafes.

Let the triangles and

have a common vertex, and

their bafes e and

in the fame ftraight line,

Produce emmmmem——— hoth ways, take fucceffively on

=== produced lines equal to it; and on pro-
duced lines succeflively equal to it; and draw lines from

the common vertex to their extremities.

The triangles thus formed are all equal

to one another, fince their bafes are equal. (B. 1. pr. 38.)

and its bafe are refpectively equi-

multiples of and the bafe e——
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In like manner . and its bafe are refpec-
tively equimultiples of and the bafe ===
o Ifmor 6 times [ —or Jnorsjs times

then # or 6 times —————— [ == OF 7] 71 OT § LINCS memm—,
m and n ftand for every multiple taken as in the ffth
definition of the Fifth Book. Although we have only
thown that this property exifts when m equal 6, and #
equal 3, yet it is evident that the property holds good for

every multiple value that may be given to m, and to n.

e . \ - — (B. 5. def. 5.)

P:lml]elograms h:wing the fame altitude are the doubles

of the triangles, on their bafes, and are proportional to
them (Part 1), and hence their doubles, the parallelograms,

are as their bafes. (B. 5. pr.15.)

0. E. D.
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-
a*

=g [+ a_ﬂrﬂ.lgf':'f Jife e——

? be drawen parallel to any

3

""'l i ﬁ;ﬁf LTI LT T T QJ“r a i _|r_
\ =& angle, it fhall cut the other

fides, or thofe fides produced, ints pro-
P:;-rh::-rmf J,rr "TIEnts.

And if any firaight (e ee——
divide the fides of a triangle, or thafe
Sides produced, ints proportional fog-

ments, it is parallel to the remaining

- TR

‘ﬁ:]'r:“ AR TR

PART I.

Lol e— " TEsmmEnn then {hall

Draw and .
and ' ; = : (B. 1. pr. 37);
%
=

L-r
‘; : i:.*"',“ 11 = ! imsevene= (B 6. opr.a),

& " m n
a — : ITETIAREEEE gy R w TERIRRRFEAEe
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FART 11I.

[J.‘t — L ESlARARESE P EEsmsmes =

L
L]

t]’]{:n ——— “ LU UL LT T T

Let the fame conitruétion remain,

7 5 |
11E'Cﬂu.[;: —— , AEAEsEsEs )8 ' » E "I-_‘

7 'El"}"- .s : "-_. . : i‘-‘.’ (B. 3 pr.11.)
t N ; .
. ! = '1 (B. 5. pr. 9);

but th{-.}- are on the fame bale ssssssvws | and at the
fame fide of it, and

‘_'. I “ LLLL LI TY ] (B, I I_‘l!'_ 39}_

Q. E. D.
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.-"igﬁ'ﬂ:'ug the angle ef a
A !r.rlm_g'f;', drvides the sp-
pafite fide into fegments
(s, mmmmmmm) proportisnal
to the conterminous fides

And if a flraight line (———)
drawn from any angle of a triangle
!?rul':l-.:'.lr:f!t.' .(‘.'Ji".:' "..?pj.-'?ﬁf:' ﬂ:frp" {—.--ll.}
snts fegments ( R —
proportional to the contferminous fides ( g }s
st difects the angle.

fo——,

PART I.

Draw assssmens || =————, to MEEt wemrrnciane

then, — ‘ (B. 1. pr. 29),
‘: ‘; but‘:‘,.'.' :4,

PR e — (B. 1. pr. 6);

and becanle ————— ” PR

¥
(B. 6. pr. 2);
BUt cssssrseess =— ;
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FART II.

Let the fame conftruétion remain,
and T L e :

fammwasmms =%

A T
-

(B. 6. pr. 2);

bl e—— f essasswss 0

y  ee—— “1}-1,1-}
(B. 5. pr. 11).
"l”-d oe WEEE amEEm [B 5 P‘T. 1;'},

and = ‘ (B. 1. pr. 29);
o ‘: ', and — ‘,

and .7, ee——— bifells ‘ i

Q. E. D.

FF
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' 3N cqutangular tri-

| angles ( N\
# ' and ﬁ:;::h::‘:l the 1J|‘r.f.:i'rr'i

N A about the equal angles are pro-
‘ s portional, and the fides which are

. appsfite to the equal angles are
1‘ !'}ﬁ'.r;m"ﬁgﬁﬂ.r,
--------- SEmmme o

Let the equiangular triangles be fo placed that two fides

- S
———, = ====e oppofite to equal angles and

Q may be conterminous, and in the fame {traight line;

and that the triangles lying at the fame fide of that ftraight

line, may have the equal angles not conterminous,

L. €. ‘ oppofite to 00 | and ‘ to ‘ .

Draw eecscsisens and e, Then, becaufe
L]

A-A

” T (Hllrpr‘zﬂj;
and for a like reafon, sseswssam: [| i,
/.../ 15 a parallelogram,
Eut — ] aEEsssTes - . 2 sesssemes

(B. 6. pr. 2);
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and Nce ————

(B. 1. pr. 34)s

 p———————

! essmsmmsm .: ——. B -.l-III---i; H.Hd b}'
Ll]_l:ﬁl‘l'lﬂtiﬂnj —  —— %% ammmiEmiEES ] sesiEEmam=
(B. 5. pr. 106)

In like manner it may be thown, that

- -
S —— L] »
ey - liarJIEEEAEER ]

and by alternation, that
= T :

% wammssmss - : -.-l.lllII;
but it has been already proved that
— i3 SEEEEmszEEm T smssssssmas "

and therefore, ex =quali,

L]
L

L e T L ] -
..

{B. 5. pro22);
therefore the fides about the equal angles are proportional,
and thofe which are oppoflite to the equal angles

are homologous,

0. E. D.
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S| two triangles have their fides propor-
l'-‘i"."??fﬂ.ilr {lililli-- e ———

) and

R

L
L I ——— -

: ) they are equiangular,
and the equal angles are fubtended by the homals-

gous fides.

From the extremities of — draw

e and - o making

V= A,
' = ‘ (B. 1. pr. 23);

and confequently ' — {B. 1. pr. 32),

and fince the triangles are equiangular,

: wessmsssem %% . o —
= - m ™

(B. 6. pr. 4);

0 —— e (hyp.);

ht!t EEEEEIEEEEE § EmmmE--—

. o — 17 - Y ——
. LR e 1, -

and confequently ——————=— e (B. ;. pr. g).

In the like manner it may be thown that

S ———— —
—— L L L™
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Therefore, the two triangles having a common bafe
e, A0 their fides equal, have alfo equal angles op-

polite to equal fides, i. e.

s v and d — ' (B. 1. pr. 8).

Eut' - ‘ (conft.)
and ,". ‘ for the {ame

reafon d ‘

confequently ‘ . (B. 1. 32);

and therefore the triangles are equiangular, and it is evi-

dent that the homologous fides fubtend the equal angles.

Q. E. D.
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.
ot ~

' F s ;‘r;:mg.e’f; [ g "'.i

l‘ .-- .
A4 ‘ A k. angle ( ‘ ) of the one, equal to one

s i
. "*' “
i v angle [_ﬂ} of the sther, and the fides
4 ",_ about the equal angles proportional, the
. 4 ﬂa““_"“"& triangles fhall be equiangular, and have
' thefe angles equal which the homslagons

_,J'.lr":!'lf_'_l‘jfrfﬂ;'fr_*ﬂﬂr.

From the extremities of e——, one of the fides

A. o . e

o o nmLm r

': ‘_;uu:l v: ‘; then':

\B. 1. pr. 32), and two triangles being equiangular,

-
- & RN el RRT = - [
Ew -

(B. 6. pr. 4);

4 74 S — T T P — {h}'}‘r,).‘

I[H. g L)

and confequently sesssminn I cmm—— (B, 5. pr. gl
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o L\ = \-‘. in every refpect.

(B. 1. pr. 4).

But " - A (conit.}),
and .*, a — ‘_: and

fince allo ﬂ — ‘ .
/\ = 4@ (B. 1. pr. 32);

o,
o . , '
and %, 2%,...a and are equiangular, with

their equal angles oppofite to homologous fides.

Q. E. D.




224

BOOK VI. PROP. VII. THEOR.

4 4
ot S
o : £ %) have one angle in
£ :.. each equal ( /\ equal to ‘ Yo the
’.'\ i Sides about tws other angles proportional
R 1 et ey,

and each of the remaining angles ‘

and A ) erther fr_‘,.’r} or not J".:ﬁ than a

right angle, the triangles are equiangular, and thefé angles
are equal about which the fides are proportional.

Firit let it be affumed that the angles ‘ and 4_‘
are each lefs than a right angle: then if it be fuppofed

that Q and t.\_\ contained by the proportional fides,

are not equal, let Q be the greater, and make

Q-

Becaule ‘ = /\‘ (hyp.), and Q — Q (conit.)
e — 4‘ (B. 1. pr. 32);
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(B. 6. pr. 4),
hyt ———— L mAmElasmm . e saEmawe {h}‘TP)
: 2 D —
. e (B. 5. pr. 9),

and .*, ‘ ‘ (B 1. pr.

But ‘ is lefs than a right angle (hyp.)

i ‘ is lefs than a right angle; and ,* | muit
be greater than a right angle (B. 1. pr. 13), but it has been

proved = A and therefore lefs than a right angle,

which is abfurd. ,*, <11 and Q are not unequal ;
.*. they are equal, and fince ‘ — /\ (hyp.)
g ‘ — d (B. 1. pr. 32), and therefore the tri-

angles are equiangular.

But if ‘ and 4 be afflumed to be each not lefs

than a right angle, it may be proved as before, that the
triangles are equiangular, and have the fides about the

¢qual angles proportional. (B. 6. pr. 4).
Q. E. D.
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T wy

=R N a right angled

trian gfr

& e _khff

a perpendicular ( )
be drawon from the right angle
ta the oppofite fide, the triangles

5 L s k ) on each jide of it are jfimilar to the whole
triangle and to each other.

Becaufe ‘ - ‘ (B. 1. ax. 11), and
‘ common to k and _ 3

A — ‘ \B. 1. pr. 32);

k and . are equiangular; and
confequently have their fides about the equal angles pro-
portional (B. 6. pr. 4}, and are therefore fimilar (B. 6.
def. 1).

In like manner it may be proved that k is fimilar to

k s but . has been thewn to be fimilar

to . k 3 o'e - and k are

fimilar to the whole and to each other.

Q. E. D.
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IROM 4 given flraight line (== -
| 19 cut off any required part.

From cither extremity of the

given line draw ereess making any

angle with esunusew & and produce
————esssns  till the whole produced line

1010 WA COEAING ———  ag often as

- contains the required part.

Draw cos—— , and draw

is the required part of

i
-
e e _ LR R ]
-
L]
[
" L ]
L ]
& L ]
W, F
W L]
. L]
" L]
& L]
e i
%, [ ]
e
-
&
4
w
u
-I.
%
5
"
-
5
[
a

For fince =ssssssssss ” ——

: - - T :: : - -

\B. 6. pr. 2}, and by compofition (B. 5. pr. 18);
: . . :: S e : -————l—;

DUl s s mmmas CONEAING e 75 0ften

as + contains the required part (conft.);

o is the required part.

0.E. D.
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¥ - divide a ﬂrm:gﬂ'r
P J'r}re*{ —_)
;- 68 fimilarly  to a

sl gft‘fﬂ' divided line

- ).

From either extremity of

L

[ —

the given line

dr:l“i" R

making any angle; take

T rrrrritl ’_ L L TR Hnd

o EUAl 10—
and —————— refpettively (B. 1. pr. 2);
draw ————— , and draw ems==ese= and

— “ o iL

Since {----------} are ||,

(B. 6. pr. 2),
or h e 3} ——— ) — (CONL.),
ﬂ'l'llj . :: --------- ., EEIEIAE s

(B. 6. pr. 2),

- LI
- L]

e} e (20T1Y. ),

and ,*, the given line ~ 15 divided

milarly to s——

Q. E. D.
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Frmrrnmns R - Ll

7 O Sind a third proportional
to tws given flraight lines

(— -:IHEI: -—l——)

L]
L
L
L
L
[
L
L
r
L
[ ]
&
L
L
[]
¥
]
¥
']
[ ]
]
-
]

At either extremity of the given
]]I_]'_lﬂ' — d]"ﬂ_‘iﬁ’ ----- e e

making an angle ; take
. and

L ]
L ]
.

draw

MiKE comamons  —
Il

and draw
(B. 1. pr. 31.)
is the third proportional

10— 0
” it el

For fince
-

o ST

(B. 6 pr. 2);
——g—— T A

(B. 5. pr. 7).
Q. E.D.




230

BOOK FI. PROP. XiI. PROR.

. "
’ J
]
L]
"l.
Draw
and — making any angle ;
t,ikc | —— i i = dddddd .
ll.nd EE————— T msssESEE .
allo — .
drﬂ!_'lll' e —
oL o [ ey e— “ —

(B. 1. pr. 31);

— 15 the fourth proportional.

On account of the parallels,

but JL

(B. 6. pr. 2);
——— } {—_"" } [conﬂ.}:

Tl L L T L]
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7R O find a mean propor-

tional between two given

Draw any {traight line e—————, ;-

|n3.k'E — —--JI--HI--'

and e—————— -'-"“""“; biﬂ,fk =

and from the point of bifection as a centre, and half the

line as a radius, defcribe a {femicircle f i .

draw e— L

is the mean proportional required.

DIaW  sommmms AN0  asisesnsan 5

Since ‘ is a right angle (B. 3. pr. 310

Ad s is L from it upon the oppofite fide,

L e— 5 A INEAN pmpurtinnal hetween

— 3] e (B. 6. pr. 8),

and ,*, between =ssss==s== and s=ess=sss (conit.).

Q. E.D
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L.
R QU AL  parallelograms

and

which have one angle in each equal,
have the fides abour the equal angles
rrrrlﬂracﬁfaf}r ﬁrﬁﬁﬁrﬁ-_‘:‘n.ﬂ'f

{ - 4 e

L1
1

I1.

And parallelograms which have one angle in each equal,
and the fider about them reciprocally proportional, are equal.

[Lol — 1] — ; and
AN — e {0 }ﬂaccd thit —e—
and s—NAY |1:.: f;nntinur:d right lim:s. ]1: i:_-; t:vi-

dent that they may affume this pofition. (B. 1. prs. 13, 14,

15.)
Cnmplr:tc ‘ -

Since

- ‘ ::\: ‘ (B. 5. pr. 7)
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The fame conftruion remainin g

- \ (B. 6. pr. 1.)

(hyp.)

I \ :‘ (B. 6. pr. 1.)
:‘ ::\ - ‘ (B. 5. pr.11.)

(B. 5. pr. g).

=

L]
-e
-

i,

and .°, —

Q. E. D.

HH
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I
: Q_I;]AL triangles, which have

| one  angle in  each equal

’ ’ 1":.:11_.;' the

;"1}1";'; about the f?fmf .r.:fh‘gf:': rff:‘ﬂrﬂraﬂfp
proporitional

( .
11.

And tws triangles which have an angle of the one equal to
an angle of the other, and the fides né:rr.rr the equal angles reci-

-

pracally proportional, are equal.

L.

Let the triangles be fo placed that the equal angles

’ and ‘ may be vertically oppofite, that is to fay,

{0 thit ec—— A0 —— may be in the fame

AN c— - muﬂ

I’l‘ruigh: line. ¥
be in the fame ftraight line. (B. 1. pr. 14.)

Draw ssssssss= []'I.EITI

NSRS T : G (B. 6. pr. 1)

37 G (B.sopr7

cenenw (B. 6. pr. 1.)
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-
L

» = -
- m L -

(B. 5. pr. 11.)

II.

Let the fame conftruction remain, and

4 = 3 e , (hyP:)
e = v{Hs P’I:'.II:IQ
= (B. 5. pr. 9.)
Q. E. D.
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PART 1.
o f-'ﬁm J"f.r':.rf;q.-{!:‘ fines be Prapsrrfgn,r;f

¥ _i

) : £ TR s

i the reclangle ( 3

X - Jlll Ff'.n'ff:i'II-'-TrLiTI
s _| by the extremes, is equal to ihe reflangle

— N crnmnnams ) contained by the means,

PART I1.

And i the refi-
angle  contained by
the extremes be gl
to the reclangle con-
famned ﬁ)r the M,

the four flraight line

- are pl'ﬁﬁﬁf'f!‘ﬁ-‘ﬂl’dh‘t

FART L

From the extremites of ANl — W

—— ﬂ:j[{

L to them and = i seciserease

Al remmeeans  refpedtively: complete the parallelograms

=%
§ |
(W
And fince,
= i EFsrEssEss , TESsEmSss “::.‘I_1.1l
. : . (conit.)
— | (B, 6. pr.14),
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237
that is, the reftangle contained by the extremes, equal to
the rectangle contained by the means,

PART II.

Let the fame conftruétion remain : becaufe

"|,'|'|1,{ — o TmEIEEEEIEE T
(B. 6. pr. 14)
]:i'l.'lt—--—- —_— e ErEEE .
and KI == ===me== (conit.)
I.'II: ——— . wEmEE® sppEr 5 EMEsEEEEEE
H,x’f (B. 5. pr. 7)

Q. E. D.
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PART 1

————
e — * ———::I the

' reclangle under the extremes
15 equal to the fquare of the mean.

FART 11,
And if the reflangle under the ex-

tremes be equal to the Square of the mean,
the three firaight lines are proportiosnal,

“
——
—
PART I.
Aflume . el — - 1, |
lince P ———— ) e—— —
then - R .

—X——= .

(B. 6. pr. 16).
But . —

= —

b LS S e
OF = e * 3 therefore, if the three ftraight lines are
proportional, the reftangle contained by the extremes is
equal to the fquare of the mean.

PART 11.
Affume . - o

= e , then

X —

A

L] - LN L]

(B. 6. pr. 16), and

Q. E. D.
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T R ] N a groen Sraight line e

to confiruét a rectilinear figure

S fimilar toa given one |

and fimilarly placed,

Refolve the given figure into triangles by
drawing the lines waccaaa. ANd eme

At the extremitics Of co———— make

h = 'l;md‘ :D:

and ‘ = Q: in like manner make
— \/ and ‘ — ‘ :

Then » is fimilar to ‘

It is evident from the conftruétion and (

. pr. 32) that
the figures are equiangular; and fince the triangles

and are equiangular; thenby (B. 6. pr.4),

and
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Again, becaule ‘ and ‘ are equiangular,

— = =3 T panmsE " - BEENINIFNEEY L Er
L] L [ -

. ex =zquali,

ey Y ammsssEEE T —— B e e —
Ll L ]

(B. 6. pr. 22.)

In like manner it may be thown that the remaining fides

of the two ﬁgur::s are perG[’tiDnH].

AelT ].‘r}" H . def. 1.)

‘ 1s fimilar to ‘

and fimilarly fituated ; and on the given line

Q. E. D.
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IMILAR trian-

I_{Ir.l'l::'f {‘

and Y\ are fo one

another in the duplicate ratic
of their homologous fides.

Let A and ‘ be equal a11g1c¢~, AN o ——

and hmnulmrum fides of the fimilar triangles

and and O =sssmsmm——— the greater
of thefe lines take wesssss a third proportional, fo that

P — ] ceeaa— L eSSS—— . --l-l.rrm-.;

draw .

(B. 5. pr. 16, alt.},

I""'IE R — © Se—— e——— A EiEE [(:L]H].'I:.],

oy ——— Y mEmsEsES 7 — conle-
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quently e for they have the fides about
the equal angles ‘ and ‘ rt::lp:‘{::cal]v proportional
(B. 6. pr. 15);

As AN

(B. & pr. 715

(B. 6. pr. 1),

L
that is to fay, the triangles are to one another in the duph-
cate ratio of their homologous fides

—— 11 arn s — (. 5. def. 11).

Q. E. D.
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s
-4
e

sl [MILAR  poly-
8 vons may be di-
vided o the
fame number of

jimitlar triangles, each fimilar
patr of which are propor-
tiomal 1o the pﬁr}gﬂ.r.f:; and
the polygons are to each other

ot .!a"lfe'i"l."l.f.'.?:i"."-:’ ralio _"J'fﬂ their

GG T oS ﬁu!"-.'i .

[

DIraw  eo—a1d

mEErEAEE . ;tl'l-'.l
and  aameman -==y refolving

the polvgons into triung]es_

Then becaufe the polygons

I
limalar, ._"_* '.
: -

ale
AT —— ¢ SsEsESasass

-
e . ~—ESsssssss=

and are fimilar, and ‘ — ‘

(B. 6. pr. 6);

-
L

but = ’ becaufe they are angles of fimilar poly-
gons; therefore the remainders ‘ and ‘ are equal ;
]]{f]]l:_:f,: - : R LR L L :: el e : it L

on account of the fimilar t1'|ar1g1{':¢.
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ﬂnd -------- - : B SRR e - 5
on account of the fimilar polygons,

e i R T : :: o : X

ex aquali (B. 5. pr. 22), and as thefe proportional fides

contain equal angles, the trnng]r:h) and )

are imilar (B. 6. pr. 6).

In like manner it may be thown that the

triangles vund v are fimilar.

But s to in the duplicate ratio of
bl L L L D TH ) Qe - Il.H. -ﬁ. }J‘]’. TQ':', and
18 tu) in like manner, in the duP]fcatc
1a t'll{‘.l I]F manwaIEEEEE (] =ceoma mma

yYs

(Bi.sSpriina)

Apain , Is to ) in the duplicate ratio of
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the duplicate ratio of e to

and as one of the antecedents is to one of the confequents,
(o 1s the fum of all the antecedents to the fum of all the
confequents ; that is to fay, the fimilar triangles have to one

another the fame ratio as the polygons (B. 5. pr. 12).

But 15 to in the duplicate ratio of

W AR to -.--u-—n—-:

"" ]b t[

ratio of i to 3

in the duplicate

Q E.D
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I- ECTIL]}JEAR Jﬁ:_grﬂrrr

:;‘ and ‘;

which are fimilar (o the fame figure ( )

are fimtlar alfs to each other,

Since ‘ and are fimi-

bar, they are equiangular, and have the
hides about the equal angles proportional

(B. 6. def. 1); and fince the figures

l and are alfo fimilar, they

are equiangular, and have the fides about the equal angles

proportional ; therefore ‘ and L are alfo

equiangular, and have the fides about the equal angles pro-

portional (B. 5. pr. 11}, and are therefore fimilar.

Q. E. D.
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PART 1.
SN E four flraight lines be pro-
. ﬁ:.",".’-;'.l'h{.ﬂr (——- T —

LI L] .:!J -'!"'r;'l' -l—l—__

Simtlar rectilinear figures
. an-

Take =eess===== a third l‘n‘u}'r-:'r]'tim]aii [ eo—

FERAEEREEFE

fimilarly described on them are aifo pro-
port 1onal.
PART 1L
And if four fimilar  reélilinear
fizures, fimilarly deferibed on  four

#raight lines, be proportional, the

fraight lines are a ifo proportional.

PART 1.

and . and sswmsmmses 2 third ]'.-|'u}‘|u:'lju:|‘1'.1]
[0 m— 1110 (B. 6. pr. 11);
fince . i - (hyp.),
—— Y mmraEmmEeE Y ; mEREsEREE i{_*.;}nﬂj

%, ex equali,

- L] L] L
e, -_—— - Ss—— LLL L LR L L
LRI Bs ] e : SEmERERmEE
¥ LR
¥
(B. 6. pr. zo},
|l.|. : :: I g S ERGREEEE
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-.A0C0

PART IL

Let the fame conftrution remain -

A0 O

SR G b

-.iI'I.tZl R e
a L] L

EBass, BE. 414

Q. E. D.
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QUIANGULAR paraliel-

ograms | and

: - ) are to one another

in a ratie compotnded of the ratios af
therr ﬁ.f?rt*l.

Let two of the fides cmme———— and
about the equal angles be placed

fo that they may form one ftraight

line.
Since ' -+ o Cl,
and . — ' (hyp.).
A+vyp-D
<:1T:I|.|. e — i_':l'ld e e e f'DI."[TL One ﬂ.l’ﬂ.ight ]1”'::

(B. 1. pr. 14);

complete ’
JInce = ' T —

(B. 6. pr. 1),
and ' : - T eeeecee— L o .B.{J- ].'J'r. ]:",.

has to - a ratio compounded of the ratios of

e r—— (8] = ;1]1.;1 ('}f eeeeses—— [

KK 1._2_: 1‘: I).
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and E ) which are about

the dragonal are fimilar to the whole, and
fo each other.

As and E have a

common angle they are equiangular;

but becaule ee—— “ — R
i and AA are fimilar (B. 6. pr. 4),

and the remaining oppolite fides are E:qual to thole,

" E and have the fides about the equal

angles proportional, and are therefore fimilar.

[n the {fame manner it can be demonftrated that the

parallelograms ﬂﬁﬂd ﬂnrc fimilar.

Since, therefore, each of the parallelograms

E and Eis fimilar to lg, they are fimilar

to each other.

Q. E. D.
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22 |D deferibe a reétilinear fgure,
whitch fhall be fimilar to a given .

\Gbgednd refilinear figure ( A ), and
t?fn’h'.!ll £a {f-';..r'”l:! &r k‘

Upon defcribe - A

i

and upon deferibe — ..r.
and having — ' (B. 1. pr. 43), and then
and wm=messess will lie in the fame ftraight line

(B. 1. prs. 29, 14),

Between and wmsss samms find 2 mean pmpﬂrti{mal

e | D+ 02 Pr. 13}, and UPON e

defcribe . fimilar to A ;

and fimilarly fituated.

Then — ‘.
For fince A and are {imilar, and

. a * mmmassmss (conit.),

s Y T S——

o - - .
. | L

B. 6. pr. 20);
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buc [ : ::  wmemmwms (B. 6. pr. 1);
. A : a F (B. 5. pr.11);
bt < — (contt.),
and ., — _j (B. 5. pr. 14);
and — ‘ (conit.) ; confequently,

which 15 fimilar to ‘ is alfo = ‘ .

Q. E. D.
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F jfimilar and fimilarly
pofited parallelograms

I

hagve a CoROR fmgf:*, E‘.-'iffv}-' are about

the fame diagonal.

For, if poffible, let  ge———,

be the diagonal of ﬂﬁnd e — o 2 212"

drﬂ.‘r‘r' I] CrETE——T= |:B 1o F,r‘ 3:[:
Since Z and ﬂarc about the fame
diagonal ===, , and have Ccommon,
they are fimilar (B. 6. pr. 24);
but L4 T L L ppp———— LT} |
(hyp.),

il['lL{ Ve m— - SE— I:B' 5' Pr‘ g':"

which is abfurd.

. g— 5 10T the diagonal of ﬂ

in the {ame manner it can be demonitrated that no other

line 15 except

Q. E. D.
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: F all the redlangles
) contained é}.- Hhe
9 A fogmentiofa given
i Sraight fine, the
gur.rnﬂ is the feuare which is
deferibed on balf the line.

Let s e |32 thiee
given line, and =m——unequal fegments,
and —— ANl — cgqual f::gmt:nﬂ:

c B

For it has been demonftrated already (B. 2. pr. ), that

then

the fquare of half the line is equal to the rectangle con-
tained by any unequal fegments together with the fquare
of the part intermediate between the middle point and the
point of unequal fection. The fquare deferibed on half the
line exceeds therefore the redtangle contained by any un-

equal fegments of the line.

Q. E. D.
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Ly

.:_';:: O divide a given I
S8 fraipht line

il o rthat the rec-
tangle contained by its segments
may be t‘gﬂﬂf to a gf‘t:f.rz area,
not exceeding the fquare of
half the lme.

TEAEEFR AN

Let the given arca be = &

Hif‘ﬁtﬁ: -!hil_i--.-.--} or

miake e=ee s — e l----!-lurl-;
:1“[] if‘ Ihhl”! —

—_—— -,

the problem is {olved.

But if ssssrmm— e ¢ then

= (hyp.).

muft sess

Ijrﬁ_“’ R ] 'J'_ T ———

-
-

[]'1:]_!{{: s TEaEaE o W E S = cE——— Irlli-.u--.;

With eesss————— as radius defcribe a circle cutting the

eiven line ; draw .
I]I]]t‘:ﬁ - X T —— ] B + _-“I : e —
(B.: 2. pri 5.) = G
Hut 2 — R *fendid E T R e
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...... )4 R s
— = + ———— 1._
from hoth, take =—
and =ese= W — 4
But =——— — (conit.),
and 7, swssmm——eeme s {0 divided
that smeee % O —

i
L
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=

=28 O produce agiven firaight

fing ( =—————)

that the reflangle con-
2% tained by the fegments
between the extremities of the given
line and the point to which it is pro-

B o s e

duced, may be equal to a given area,
1.e. equal fo the ﬁ;uﬁm OF e—

Make = ==sssnasae, and
dI'F.W -------- J_ .- —;
draw ;s and

with the radius

, defcribe a circle

MEELING —nmiee produced.

Then e p 4 + e T

from both take =semwsese %;

—— 2w
aﬂd E— x — EEEEAERERE
l_'}ut AR "

', ssmsmsanm: * == the given area.
CL g
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) O cut a given finite flraight line (m————ee)
MR 17 extreme and mean ratio.

On =e———-=«- defcribe the {quare I

(B. 1. pr. 46) ; and product e, fo that
—— S x N e  ESS— W 2

(B. 6. pr. 29);

take = cmemsimees ,

and draw  e——— || — 3

|]]Et_:ti[']g II — |~B1 I. ]:”,. .::1-...

Then = e eimeres ) @mimmmnss ,
]

i gy e I_: and if from both thele equals

be taken the common part ’

l., which is the fquare of =————,

“-']“ hC — |! "n.'n'l]il::h ig — e s - x LI -
t]'l.'.’ll: 15 — T — x --------
— R P ——— Y e— : ------- -

# -

Nl eom——eass is divided in extreme and mean ratio.

(B. 6. def. 3).
Q. E. D.
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259

E  any fimilar redtilinear
Wil figures be fimilarly deferibed
g on the fides of a right an-

g.f.-f.:i' ¢riangle _,::\._ ) fﬁfﬁgﬂ;'&
deferibed on the fide (=see ) fub-
tending the right angle is equal fo the
Sum of the figures on the other fides.

From the right angle draw e perpendicular

) samzmmam .—.—.—;
[]1.:?_[1 o —— : e - —
(B. 6. pr. 8)

L3
L] L] -l aw er—— s ek
L - - o iR e

(B. 6. pr. 20).
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\
gl rwo e-‘?‘f.:z.':i'gfe.r ( ‘_ and

ﬁ ), have two fides pro-

- ] Pﬁr!’fﬂﬂﬂ'f{m:

:: - : EEAERENRAEE :'jl fl:-’-l!‘ﬂll éi‘jaP.lrﬂll‘fﬂ!
‘. at an angle that the homologous fides are pa-

rallel, the remaiming fides | and ) form
one right line.
SiI]CE ————— II ----- Py
— (B. 1. pr. 29);
and alfo fince —em—— ] =sxsriiaeer
= ‘ (B. 1. pr- 2g);
50 — ‘: and fince
R TPS— rh aEmmEmasaes T ssmnwwem {]]}'J}_,

the triangles are equiangular (B. 6. pr. 6);

- =N

but e

‘ e, e A = ‘ - + ‘ —
CD (B. 1. pr- 32), and .%. and

lie in the fame ftraight line (B. 1. pr. 14).

Il

Q. E. D.
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N equal circles (O : O], angles,

. whether at the centre or circumference, are
| 2 the fame ratio fo one another ar the arcs

on which they fland {‘ : j:: — 115
o alfe are feltors.

Take 1n the circumference of o any number

of arcs ===, m——, &c. cach == ==, and alfo in

the circumference of Q take any number of

AFCS frevars g “haumem g &c. each == = o draw the

radil to the extremities of the equal arcs.

Then fince the arcs mee, m——, o, &c. are all equal,

the angles / 3 I . \, écc. are alfo equal (B. 3. pr.27);
‘\ is the fame multiple of I which the arc

' * 1 : anner A
™ i Of w3 and In the fame manne

s a s A
is the fame multiple of j, which the are ", e

is of the arc
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S o I Pt
Then it is evident (B. 3. pr. 27),

if ‘ (or if m times I) .=, &
(or # times 4{]

then "™ (O 7 times =) [, =, ]

- f - -
v [or m times ¥

s /I 4:: s %, Ansqers a7 (Db O&E, £ GrLEhe

angles at the centre are as the arcs on which they ftand;
but the angles at the circumference being halves of the
angles at the centre (B. 3. pr. 20) are in the fame ratio

(B. 5. pr. 15), and therefore are as the arcs on which they
ftand.

It is evident, that {ectors in equal circles, and on equal
arcs are equal (B. 1. pr. 4; B. 3. prs. 24, 27, and def. ).
Hence, if the fectors be fubftituted for the angles in the
above demonitration, the fecond part of the propefition will
be eftablifhed, that is, in equal circles the fectors have the

fame ratio to one another as the arcs on which they ftand.

Q.E.D.
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3

SR

R | F‘ ."'.-":i'-ﬁ' }-I-é:'.l'in"f .I!;III.’JE' Eih- AT

bifecting  an  external

- 1 '
angle of the tri-
‘:FF ‘ -:;f ll:lllll:r_ r?! e
.,,O‘Jg

ey 'F"' ."'ﬁ.
o P
i":“ " **ll
;”'?&‘r'!{:, / el '1':';“’, SPP{:}&;E ---------- nnnuuh::h.
=T T ————

I (| v aditceddy that sohiole produced fide (mmm————=),

and its external fegment (==emmanen Y awdl{ be propertional to the

s | ——nne 17 Y, which contain the angle

adfacent to the external bifected angle.

For if e be drawn || sssesisces .

then ‘ — ; : . (B. 1. pr. 29);

— . (B. 1. pr. 29);

[l

and "‘ e | I:H‘ I. E'll'. l[r-'...:l

2[1(1 T RN i ks BT O T : :: T - : -l-lulul---I--l.'|

(B. 5. pr.7);
But alio,
(B. 6. pr. 2};

and therefore
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F an angle of a triangle be bi-
N fedted by a Sraighe line, which
lerel likewife cuts the bafe ; the rec-
tangle contamed by the fides of
the triangle is equal to the reclangle con-
tfamed by the fegments of the bafe, together
with the fyuare of the flraight line which
R iy Y bifedits the angile.

be drawn, making

Let
‘ —- ‘; then fhall

et W — T memn mr I — 35
About A defcribe (B. 4. pr. 5),
produce to meet the circle, and draw =esame=a -

Since ‘ o ‘ (hyp.),
and — ’ (B. 3. pr. 21),

% / and \ are equiangular (B. 1. pr. 32);

bt

& . "
O L

{B. 6. pr. 4);
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i

Y — O — X

(B. 6. pr. 16.)

— X +

(B. 2. pr. 3);
but X e K —

\B. 3. pr. 35);
e X e = e ) e

QB D.
Bl M
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1 cular to the bafe ; the reffangle
8l contained by the fides of the tri-
.»mg:’e 11 a’gum’ to the reflangle contained by
the perpendicular and the diameter of the
circle deferibed about the triangle.

draw L esiemscm s then
ﬂ',l_a“ e x =, x thﬁ
diameter of the defcribed circle.

Defcribe O (B. 4. pr. 5), draw its diameter

cemeenenseee A1 draw { then becaule

‘ - '\ (conft. and B. 3. pr. 31);
i A — A (Bt g procm

e ﬂi':.::::::huu ]S cqumnglllﬂr to B lfl' PT .{F_}
and W, tEEEEAmmm X — x
(B. 6. pr. 16).

Q. BE. D.
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R HE  redlangle contained by the
*"’ f‘ dtagonals of aquadrilateral figtre
N infiribed in a circle, is equal to

SRS S0t the reflangles contained oy
its appa,ﬂn fides.

Let 5" / he any quadrilateral
figure infcribed in : and draw
o Y H_J]d ; thﬂ]]
AT X ———— T ESAEEESn = x — ,,.I._ X SEEANEREE
Make ‘ e ‘ (B. 1. pr. 23),
) RN
(B. 3. pr. 21);
(B. 6. pr. 4);
and B x ——— X SEEIINEEs

(B. 6. pr. 16); again,

becaule ‘ . ‘ (conit.),
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.md\/ = v {B. 3. pr. 21);

{B. 6. pr. ¢);
1nd Jo, ramaas pT—— X e, o Wi MEEEEEEEAE x ——

(B. 6. pr. 16);
hut, from above,

———— — K enrmsaseans s

T masmmsEs - X = amm— -{— X .
B. 2. pr. 1,

THE ENII.

[Aholf LN FRISXTED BY £, WHITTINAE AN,



